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ABSTRACT
In this paper, the higher-order type 2 Daehee polynomials are intro-
duced and some of their relations and properties are derived. Then,
some p-adic integral representations of not only higher-order type 2
Daehee polynomials and numbers but also type 2Daehee polynomi-
als and numbers are acquired. Several identities and relations related
to both central factorial numbers of the second kind and Stirling
numbers of the first and second kinds are investigated.Moreover, the
conjugate higher-order type 2 Daehee polynomials are considered
and some correlations covering the type 2 Daehee polynomials of
order β and the conjugate higher-order type 2 Daehee polynomials
are attained.
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1. Introduction

Recently, Kim et al. [1] considered the higher-order type 2 Bernoulli polynomials of the
second kind as follows

∞∑
n=0

b∗(r)
n (γ )

zn

n!
=
(

(1 + z) − (1 + z)−1

2 log(1 + z)

)r

(1 + z)γ (1)

and investigated several relations and formulae associated with central factorial num-
bers of the second kind and the higher-order type 2 Bernoulli polynomials. Inspired and
motivated by the above study, here we consider the higher-order type 2 Daehee polyno-
mials and derive some of their relations and properties. Also, we provide p-adic integral
representations of type 2 Daehee polynomials and their higher-order polynomials. We
then investigate some identities and relations. Moreover, we consider the conjugate type
2 Daehee polynomials of order β and acquire relationships including the type 2 Daehee
polynomials of order β and the conjugate higher-order type 2 Daehee polynomials.
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LetZp = {γ ∈ Qp : |γ |p ≤ 1} in conjunction withQp = {γ = ∑∞
n=−k anp

n : 0 ≤ ai ≤
p − 1} and Cp be the completion of the algebraic closure of Qp, cf. [2–10], where p be a
prime number and the normalized p-adic absolute value is provided by |p|p = 1

p . For g :
Zp → Cp (g being a continuous map), the p-adic bosonic integral of g is given as follows:

I0(g) :=
∫

Zp

g(γ ) dμ0(γ ) = lim
m→∞

1
pm

pm−1∑
γ=0

g(γ ). (2)

It is observed from (2) that

I0(g1) − I0(g) = g
′
(0), (3)

where g1(γ ) = g(γ + 1) and g′(l) = dg(γ )

dγ |γ=l, cf. [2–10].
The familiar Bernoulli polynomials are defined as follows (cf. [1,6,7,11–18])

∞∑
n=0

Bn(γ )
zn

n!
= z

ez − 1
eγ z =

∫
Zp

e(γ+y)zdμ0(y).

The type 2 Bernoulli polynomials bn(γ ) are given as follows (cf. [1,14,19])

∞∑
n=0

bn(γ )
zn

n!
= z

ez − e−z e
γ z. (4)

When γ = 0, we acquire bn(0) := bn termed the type 2 Bernoulli numbers. We note
bn(γ ) = 2n−1Bn( γ+1

2 ) for n ≥ 0.
The cosecant polynomials are defined by

∞∑
n=0

Dn(γ )
zn

n!
= z eγ z

sinh z
= 2z eγ z

ez − e−z . (5)

In this particular case γ = 0, Dn(0) := Dn are termed the cosecant numbers that are a
hot topic and have been worked in [1,14,19]. Here we observe that Dn(γ ) = 2bn(γ ) =
2nBn( γ+1

2 ) for n ≥ 0. The sums of powers of consecutive integers can be computed by the
Bernoulli polynomials as follow:

n−1∑
l=0

lr = Br+1(n) − Br+1(0)
r + 1

(n ∈ N, r ∈ N0) (6)

and it is noted that (cf. [1,14,19])

n−1∑
l=0

(2l + 1)r = 1
2(r + 1)

(Dr+1(2n) − Dr+1). (7)

The higher-order type 2 Bernoulli polynomials are defined as follows:

∞∑
n=0

b(r)
n (γ )

zn

n!
=
(

z
ez − e−z

)r
eγ z. (8)
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The Stirling numbers S2(n, r) of the second kind are given by (cf. [9,13,20–22])
∞∑
n=r

S2(n, r)
zn

n!
= (ez − 1)r

r!
(r ≥ 0) (9)

and the Stirling numbers S1(n, r) of the first kind are provided by (cf. [2,13,19])
∞∑
n=r

S1(n, r)
zn

n!
= (log(1 + z))r

r!
, (10)

which satisfies

(γ )n =
n∑

r=0
S1(n, r)γ r. (11)

The central factorial numbers T(n, r) of the second kind are defined by (cf. [17,23–25])

θn =
n∑

r=0
T(n, r)θ [r] (n, r ≥ 0), (12)

where θ [r] := θ(θ + r
2 − 1)(θ + r

2 − 2) · · · (θ + r
2 − (r − 1)) for r ≥ 1 and θ [0] := 1.

By (12), the generating function of T(n, r) is provided by (cf. [23])

∞∑
n=r

T(n, r)
zn

n!
=
(
e
z
2 − e−

z
2

)r
r!

(r ≥ 0). (13)

Note that T(n, r) = 0 for n< r.

2. Higher-Order type 2 Daehee polynomials

The familiar Daehee polynomials Dn(γ ) are introduced by (cf. [2,3,5,8–10,21,26]):
∞∑
n=0

Dn(γ )
zn

n!
= log(1 + z)

z
(1 + z)γ . (14)

In this particular case γ = 0, Dn(0) := Dn are termed the Daehee numbers. By the
formula (2) and (14), we have

∞∑
n=0

Dn(γ )
zn

n!
=
∫

Zp

(1 + z)γ+y dμ0(y) =
∞∑
n=0

∫
Zp

(γ + y)n dμ0(y)
zn

n!
, (15)

where (α)n := α(α − 1) · · · (α − n + 1) for n ≥ 1 with (α)0 = 1.
By (15), it is readily seen that

Dn(γ ) =
∫

Zp

(γ + y)n dμ0(y) (n ≥ 0).

The usual higher-order Daehee polynomials are introduced by (cf. [8,27])
∞∑
n=0

D(r)
n (γ )

zn

n!
= (1 + z)γ

(
log(1 + z)

)r
zr

. (16)
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The following relation holds (cf. [8,27])

D(r)
n (γ ) =

n∑
m=0

B(r)
m (γ )S1(n,m).

The exponential generating functions of type 2 Daehee polynomials dn(γ ) and numbers
dn are given by (cf. [9])

(1 + z)γ log(1 + z)
(1 + z) − (1 + z)−1 =

∞∑
n=0

dn(γ )
zn

n!
(17)

and

log(1 + z)
(1 + z) − (1 + z)−1 =

∞∑
n=0

dn
zn

n!
. (18)

We readily observe that dn(0) = dn. In [9], Kim et al. analyzed diverse relationships and
properties of these polynomials and numbers by using their generating functions.

Now, we aim to investigate more properties and representations of the mentioned num-
bers and polynomials. We first compute, from (3) and (18), the following bosonic p-adic
integrals ∫

Zp

(1 + z)2y+1+γ dμ0(y) = 2 log(1 + z)(1 + z)γ

(1 + z) − (1 + z)−1

and ∫
Zp

(1 + z)2y+1+γ dμ0(y) =
∞∑
n=0

∫
Zp

(2y + 1 + γ )n dμ0(y)
zn

n!
,

which means
∞∑
n=0

1
2

∫
Zp

(2y + 1 + γ )n dμ0(y)
zn

n!
=

∞∑
n=0

dn(γ )
zn

n!
.

Thus, we acquire the Volkenborn integral representations of dn(γ ) as given below.

Theorem 2.1: The following Volkenborn integral representation of dn(γ )

dn(γ ) = 1
2

∫
Zp

(2y + 1 + γ )n dμ0(y)

holds for n ≥ 0 and in addition, utilizing (11), the following relation

dn(γ ) =
n∑

m=0
S1(n,m)2mBm

(
1 + γ

2

)
(19)

holds for n ≥ 0.
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Remark 2.1: The following p-adic integral representation

dn = 1
2

∫
Zp

(2y + 1)n dμ0(y)

holds for n ≥ 0.

Kim and Kim [9] introduced the type 2 Daehee polynomials of order β ∈ R denoting
the set of all real numbers by

∞∑
n=0

d(β)
n (γ )

zn

n!
= (1 + z)γ

(
log(1 + z)

)β(
(1 + z) − (1 + z)−1

)β . (20)

In this particular case γ = 0, d(β)
n (0) := d(β)

n are termed the type 2 Daehee numbers of
order β .

By means of (20) and choosing β = r ∈ N, we have

∞∑
n=0

d(r)
n (γ )

zn

n!
= (1 + z)γ

(
log(1 + z)

)r(
(1 + z) − (1 + z)−1

)r . (21)

If we change z by e
z
2 − 1 in (21), we then acquire

(
z

e
z
2 − e−

z
2

)r
e

γ z
2 =

∞∑
m=0

d(r)
m (γ )

(
e
z
2 − 1

)m
m!

=
∞∑
n=0

(
1
2n

n∑
m=0

d(r)
m (γ )S2(n,m)

)
zm

m!
(22)

and also(
z

e
z
2 − e−

z
2

)r
e

γ z
2 =

∞∑
n=0

b(r)
n

zn

n!

∞∑
m=0

γm zm

2mm!
=

∞∑
n=0

( n∑
m=0

(
n
m

)
1
2m

b(r)
n−mγm

)
zn

n!
. (23)

Thus, by means of (22) and (23), we provide the following relation.

Theorem 2.2: For n ≥ 0, we have
n∑

m=0

(
n
m

)
1
2m

b(r)
n−mγm = 1

2n

n∑
m=0

d(r)
m (γ )S2(n,m).

For r ∈ N0, upon setting β = −r and changing z by e
z
2 − 1 in (21), we then investigate

e
z
2γ

(
e
z
2 − e−

z
2

z

)r

=
∞∑
l=0

d(−r)
l (γ )

1
l!
(e

z
2 − 1)l =

∞∑
n=0

(
1
2n

n∑
l=0

d(−r)
l (γ )S2(n, l)

)
zn

n!

and also (
e
z
2 − e−

z
2

)r
zr

e
z
2γ = r!

zr
e
z
2γ (e

z
2 − e−

z
2 )r

r!
= r!

zr

∞∑
n=0

γ nzn

2n

∞∑
l=r

zl

l!
T(l, r)
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= r!
∞∑
n=0

γ nzn

2n

∞∑
l=0

zlT(l + r, r)
(l + r)!

=
∞∑
n=0

( n∑
l=0

T(l + r, r)
(
n
l

)
γ n−l2−n+l(l+r

l
) )

zn

n!
.

Thereby, we give the following result.

Theorem 2.3: For n, r ∈ N0, we have
n∑
l=0

(
n
l

)
2lT(l + r, r)γ n−l(l+r

l
) =

n∑
l=0

d(−r)
l (γ )S2(n, l)

and particularly,

T(n + r, r) =
(n+r

n
)

2n

n∑
l=0

d(−r)
l S2(n, l) and d(−r)

l =
n∑
l=0

(
n
l

)
2lS1(n, l)(l+r

l
) .

If we change z by 2 log(1 + z) in (13), we observe that

(
(1 + z) − (1 + z)−1)r 1

r!
=

∞∑
l=r

(log(1 + z))l

l!
T(l, r)2l

=
∞∑
l=r

T(l, r)
∞∑
n=l

2lS1(n, l)
zn

n!
=

∞∑
n=r

( n∑
l=r

S1(n, l)T(l, r)2l
)
zn

n!

and

(
(1 + z) − (1 + z)−1)r 1

r!
=
(
log(1 + z)

)−r
(log(1 + z))r

r!
(
(1 + z) − (1 + z)−1

)−r

=
∞∑
m=r

S1(m, r)
zm

m!

∞∑
l=0

d(−r)
l

zl

l!
=

∞∑
n=r

( n∑
m=r

(
n
m

)
S1(m, r)d(−r)

n−m

)
zn

n!
,

which provide the following relationship.

Theorem 2.4: The following relationship

n∑
l=r

S1(n, l)T(l, r)2l =
n∑
l=r

(
n
l

)
S1(l, r)d

(−r)
n−l

holds for n, r ≥ 0.

Note that the higher-order cosecant polynomials are defined by (see [5,8,16])

∞∑
n=0

D(β)
n (γ )

zn

n!
=
(

2z
ez − e−z

)β

eγ z. (24)
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In this special case γ = 0,D(β)
n (0) := D(β)

n are termed the higher-order cosecant numbers.
If we change z by log(1 + z) in (24), we then obtain

(1 + z)γ
(
log(1 + z)

)β(
(1 + z) − (1 + z)−1

)β =
∞∑

m=0
2βD(β)

m (γ )
(log(1 + z))m

m!

=
∞∑

m=0
2βD(β)

m (γ )

∞∑
n=m

S1(n,m)
zn

n!
=

∞∑
n=0

(
2β

n∑
m=0

S1(n,m)D(β)
m (γ )

)
zn

n!
,

which means the following result.

Theorem 2.5: The following correlation

d(β)
n (γ ) = 2β

n∑
m=0

D(β)
m (γ )S1(n,m)

holds for n ≥ 0 and β ∈ R.

Kim-Kim [9] defined the higher-order type 2 Bernoulli polynomials by

∞∑
n=0

b(β)
n (γ )

zn

n!
=
(

z
ez − e−z

)β

eγ z. (25)

In this particular case γ = 0, b(β)
n (0) := b(β)

n are termed the higher-order type 2 Bernoulli
numbers.

If we change z by log(1 + z) in (25), we then attain(
log(1 + z)

)β
(1 + z)γ(

(1 + z) − (1 + z)−1
)β =

∞∑
m=0

(log(1 + z))m

m!
b(β)
m (γ )

=
∞∑

m=0
b(β)
m (γ )

∞∑
n=m

S1(n,m)
zn

n!
=

∞∑
n=0

( n∑
m=0

S1(n,m)b(β)
m (γ )

)
zn

n!
.

and also
∞∑
n=0

d(β)
n (γ )

zn

n!
=
(
log(1 + z)

)β
(1 + z)γ(

(1 + z) − (1 + z)−1
)β ,

which means the following relationship.

Theorem 2.6: The following relationship

d(β)
n (γ ) =

n∑
m=0

b(β)
m (γ )S1(n,m)

is valid for β ∈ R and n ∈ N0.
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It is observed that∫
Zp

· · ·
∫

Zp︸ ︷︷ ︸
r times

(1 + z)(γ1+···+γr)+r+γ dμ0(γ1) dμ0(γ2) · · · dμ0(γr)

=
(
log(1 + z)

)r(
(1 + z) − (1 + z)−1

)r (1 + z)γ =
∞∑
n=0

d(r)
n (γ )

zn

n!
,

which gives

d(r)
n (γ )

n!
=
∫

Zp

· · ·
∫

Zp︸ ︷︷ ︸
r times

(
(γ1 + · · · + γr) + r + γ

n

)
dμ0(γ1) · · · dμ0(γr).

Here, we define the conjugate higher-order type 2 Daehee polynomials by

∞∑
n=0

d̂(β)
n (γ )

zn

n!
= (1 + z)γ

(
(1 + z) log(1 + z)

)β(
(1 + z) − (1 + z)−1

)β . (26)

In this particular case γ = 0, d̂(r)
n (0) := d̂(r)

n are termed the conjugate higher-order type 2
Daehee numbers. By means of (26), we derive∫

Zp

· · ·
∫

Zp︸ ︷︷ ︸
r times

(1 + z)−(γ1+···+γr)+γ dμ0(γ1) · · · dμ0(γr)

= (1 + z)γ
(

(1 + z) log(1 + z)
(1 + z) − (1 + z)−1

)r
=

∞∑
n=0

d̂(r)
n (γ )

zn

n!
,

which means

1
n!
d̂(r)
n (γ ) =

∫
Zp

· · ·
∫

Zp︸ ︷︷ ︸
r times

(−(γ1 + · · · + γr) + γ

n

)
dμ0(γ1) · · · dμ0(γr). (27)

By formula (27), it is readily seen that

1
n!
d̂(r)
n (r) =

∫
Zp

· · ·
∫

Zp︸ ︷︷ ︸
r times

(−(γ1 + · · · + γr) + γ

n

)
dμ0(γ1) · · · dμ0(γr)

=
∫

Zp

· · ·
∫

Zp︸ ︷︷ ︸
r times

(
(γ1 + · · · + γr) + γ

n

)
(−1)n dμ0(γ1) · · · dμ0(γr)

=
n∑

m=0

(
n − 1
n − m

)∫
Zp

· · ·
∫

Zp

(
(γ1 + · · · + γr) + γ

n

)
(−1)n dμ0(γ1) · · · dμ0(γr)
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=
n∑

m=1

(
n − 1
n − m

)
(−1)n

m!
d(r)
m ,

which implies the following formulas.

Theorem 2.7: Each of the following relations

n∑
m=1

(
n − 1
n − m

)
(−1)n

m!
d(r)
m = d̂(r)

n (r)
n!

and
n∑

m=1

(
n − 1
n − m

)
(−1)n

m!
d̂(r)
n = d(r)

m (r)
n!

is valid for n, r ∈ N0.

3. Conclusion

In this paper, the higher-order type 2 Daehee polynomials have been studied and several
of their relations and properties have been derived. Some p-adic integral representations
of type 2 Daehee polynomials and the higher-order type 2 Daehee polynomials have been
acquired. Then, diverse identities and relations related to the central factorial numbers
of the second and the Stirling numbers of the second and the first kinds have been
investigated. Moreover, the conjugate higher-order type 2 Daehee polynomials have been
considered and two relationships including the type 2 Daehee polynomials of order β and
the conjugate higher-order type 2 Daehee polynomials have been provided.
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