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Abstract: In the present work, a new extension of the two-variable Fubini polynomials is introduced
by means of the polyexponential function, which is called the two-variable type 2 poly-Fubini
polynomials. Then, some useful relations including the Stirling numbers of the second and the
first kinds, the usual Fubini polynomials, and the higher-order Bernoulli polynomials are derived.
Also, some summation formulas and an integral representation for type 2 poly-Fubini polynomials
are investigated. Moreover, two-variable unipoly-Fubini polynomials are introduced utilizing the
unipoly function, and diverse properties involving integral and derivative properties are attained.
Furthermore, some relationships covering the two-variable unipoly-Fubini polynomials, the Stirling
numbers of the second and the first kinds, and the Daehee polynomials are acquired.

Keywords: polyexponential function; Fubini polynomials; poly-Fubini polynomials; unipoly func-
tion; Stirling numbers

1. Introduction

Throughout the paper, we use N := {1,2,3,--- } and Ny = NU {0}. Let C denote the
set of complex numbers, R denote the set of real numbers, and Z denote the set of integers.

The usual Euler E;;(x) and Bernoulli polynomials By, (x) are defined via the following
exponential generating functions (cf. [1-6]):

S

= (el < )

Z = (lzl <2m). (1)

e*

The two-variable Fubini polynomials are defined as follows (cf. [1,2,4,7-10]):
XZ

e = z"
m:n;ol:n(x,y)m. 2)

Substituting x = 0 in (2), we have F,(0,y) := F,(y) called the usual Fubini polynomials
given by

ZFn _- 3)

1- y( -
It is easy to see from (1) and (2) that

F, (x,—i) = E,(x).

Upon letting ¥ = 1 in (3), we get the Fubini numbers as follows
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sre= Ly @
n=0
For more detailed information of the Fubini polynomials with applications,

see [1,2,4,7-10].
The Bernoulli polynomials of the second kind are defined as follows (cf. [5,11,12]):

W(l‘*‘z)x = Z‘bbn(x)* @)

The Bernoulli polynomials of order &« € N are defined by (cf. [5,6,11-13])

(7)== Lo ©

By (5) and (6),
B (x + 1) := by (x). @)

The polyexponential function Eii(x) is introduced by Kim-Kim [12] as follows

(keZ) ®)

Lig(z) = ), =, |zl < 1. ©)

Using the polyexponential function Eiy (x), Kim-Kim [12] considered type 2 poly-Bernoulli
polynomials, given by

. 1 [ee] n
Eiy(log(1 +2)) j,zg(_11+ A B (x) =, (kez) (10)

and attained several properties and formulas for these polynomials. Upon setting x = 0
in (10), ,B,gk) (0) := ,Bg,k) are called type 2 poly-Bernoulli numbers.

We also notice that Ei; (z) = ¢* — 1. Hence, when k = 1, the type 2 poly-Bernoulli
/3,(1k) (x) polynomials reduce to the Bernoulli polynomials By (x) in (1).

Some mathematicians have considered and examined several extensions of special
polynomials via polyexponential function, cf. [5,11,13,16,17] and see also the references
cited therein. For example, Duran et al. [11] defined type 2 poly-Frobenius-Genocchi
polynomials by the following Maclaurin series expansion (in a suitable neighborhood of
z=0):

. _ 71

Elk(log(lz"' (1 u)z)>ex Z G(Fk)(x u) (k € Z)
e —u = n!

and Lee et al. [17] introduced type 2 poly-Euler polynomials given by

Eiy(log(1+22)) o _ % oit) 2"
z(ez+1) e —y;)gn ()

Kim-Kim [12] also introduced unipoly function u(x|p) attached to p being any arithmetic
map which is a complex or real-valued function defined on N as follows:

up(x|p) = Z P x”, (ke Zz). (11)
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It is readily seen that

o n

x .
ue(x[1) = ) ¢ = Lix(x)
n=1"
is the ordinary polylogarithm function in (9). By utilizing the unipoly function uy(x|p),
Kim-Kim [12] defined unipoly-Bernoulli polynomials as follows:

i B”k) (x)i — Meﬂ_ (12)

n! 1—e2

They derived diverse formulas and relationships for these polynomials, see [12].
The Stirling numbers of the first kind S;(n,k) and the second kind S;(n, k) are
given below:

k 0 n z _ 1\k ) n
WZ ZSl(n,k)% and%: 252(’7/]()%~ (13)

From (13), for n > 0, we obtain

n

(x), =) Sq(n,k)xF and x" = i S1(n, k) (%) (14)
k=0 k=0

where (x), =1and (x), = x(x —=1)(x —2)--- (x —n 4+ 1), cf. [1-4,6-9,12-15].
From (3) and (13), we get

Fu(y) = Y So(n, k)kiyk. (15)
k=0

In the following sections, we introduce a new extension of the two-variable Fubini
polynomials by means of the polyexponential function, which we call two-variable type
2 poly-Fubini polynomials. Then, we derive some useful relations including the Stirling
numbers of the first and the second kinds, the usual Fubini polynomials, and the Bernoulli
polynomials of higher-order. Also, we investigate some summation formulas and an
integral representation for type 2 poly-Fubini polynomials. Moreover, we introduce two-
variable unipoly-Fubini polynomials via unipoly function and acquire diverse properties
including derivative and integral properties. Furthermore, we provide some relationships
covering the Stirling numbers of the first and the second kinds, the two-variable unipoly-
Fubini polynomials, and the Daehee polynomials.

2. Two-Variable Type 2 Poly-Fubini Polynomials and Numbers

Inspired and motivated by the definition of type 2 poly-Bernoulli polynomials in (10)
given by Kim-Kim [12], here, we introduce two-variable type 2 poly-Fubini polynomials
by Definition 1 as follows.

Definition 1. For k € Z, we define two-variable type 2 poly-Fubini polynomials via the following
exponential generating function (in a suitable neighborhood of z = 0) as given below:

Bir(log(1+2) v _ v k). 12"
20—yl 1)° —n;OFn (6y) - (16)

Upon setting x = 0 in (16), we have F® Oy) = F® (y) which we call type 2
poly-Fubini polynomials possessing the following generating function:
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n

Eixllog(1+2)) _ 10, a7
n=0

— z
z(1—y(ezr —1)) n!’

We note that, for k = 1, the two-variable type 2 poly-Fubini polynomials reduce to the
usual two-variable Fubini polynomials in (2) because of Ei; (z) = ¢* — 1.

Now, we develop some relationships and formulas for two-variable type 2 poly-Fubini
polynomials as follows.

Theorem 1. The following relationship

B =1 (1) w s)

I=0

holds for k € Z and n > 0.

Proof. By (16) and (17), we consider that

o ). 12— Bik(log(1+2))
LEE0G = oy
I S AR S ROV
o = nl ,EF" (y)n!
o0 n n ZTZ
= Z()(E)(Z)Fék_)l(y)(u)xl>w,

which gives the asserted result (18). O

A relationship involving Stirling numbers of the first kind, the two-variable Fubini
polynomials, and two-variable type 2 poly-Fubini polynomials is stated by the follow-
ing theorem.

Theorem 2. Fork € Z and n > 0, we have

n l
(k) (o m\ S1(l+1,m+1) F_y(%;y)
EPxy) =Y ) . 19

() l_Om—O(l> (m+1)k71 I+1 19)

Proof. From (13) and (17), we observe that

R S OT R e o (log(1+2))"
ng:OFn (x,y)n! - Z(l_y(ez_m)m;l (m — 1)lmk
3 et i (log(1+z)" ' 1
Ay -1 2 mef
= 'S = 1 Si(n+1,m+1)z"
= F.(xy)— —
r;) (x V)n| nZ%)n;nn+1 (m—i—l)k_l n!

n!’

_ i i i (n) S1(0+1,m+1) F,(xy) | 2"
1) (m+1)t  1+1
which means the desired result (19). O

Some special cases of Theorem 2 are examined below.

Corollary 1. Fork € Z and n > 0, we get
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_ i i ( )sl (I+1,m+1) F,(y)
= m=o I+1 (m+1)F1
Corollary 2. For k = 1and n > 0, we acquire
n l X; ]/)
2 v ("Bt g 1 1),
2 (1)
The following differentiation property holds (cf. [12])
d 1

Ei(log(1 +x)) = Eig_ (log(1 + x). (20)

dx (14 x)log(1+ x)
and also, the following integral representations are valid for k > 1:

1
log(1+z)

Eiy(log(1 + 1)) = /ox(l—l—z)

z 1 z b4
dzdz...d
X/o (1+2z)log(l+z) /0 (1+2z)log(l+z) 20z 02

(k—2) times
d m
= x
m;() m1+m+2mk71:m (ml/ tt /mk—1>
31(11”111) Br(nr';z) Bﬁnﬂklfil) M
e —. (21)
my+1mg+mp+1 my+ -+ mp_1+1m!
Theorem 3. The following relationship
(k) o m
o = 2 () (o)
" m;o m ml+"'+2mk—1:m my, .-, M1
my+1m+m+1  m+-+m+1 """ Y
holds for n € Ng and k > 1.
Proof. From (17) and (21), for k > 1, we can write
k), 2"  Eir(log(1l+2z))
E 2 ZHR\VEe\ T2
n;o W = =@ 1)
B z i Y ( m )
Z(l - y(ez - 1)) m=0my+---+mg_1=m my, -, Mg
BN S
my+1my+m+1  my+---+m_q+1m!’
O
Theorem 4. The following relationship
L S (n+1,m+1)
F(k) 1 ’ 27
)= 1+]/<y2< ) ,,ZZ_:O m+1 n+1 22)

holds for n > 0.
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Proof. From (17), we attain

z = !
ad z" 2 L n z" ad z"
=) Frgk)(y)ﬁ -y ), (m)F,Sk_)m(y)n, +y), Fr(zk)(}/)ﬁ
n=0 ' n=0m=0 : n=0 '
(o) n n Zﬂ
- 5((1 R -y & (m)aﬁ”mm) 2

and, also, we have

Bi (log(1 + 2)) — Z log1+z)) 1

(m—1)!

.
z
li (log(1+z))™* i
z ko m!

1§<log<1+z>>m+1 1
Sz = (m+1) 7Zm:0 (m+1)k1  (m+1)!
1i i 1(n,m+1)z"
z = (m+ 1)1 nt’

which implies the asserted result (22). [

Fors € Cand k € Zwithk > 1, let

1 oo Zsfl )
1) = 55y o Za =y B los(1 +2))é 23)

where I'(s) is the classical gamma function given below:
I'(s) = / 7 le*dz (R(s) > 0).
J0

From (23), we see that 77, (s) is a holomorphic map for R(s) > 0, since Ei(log(1 +z)) <
Eij (log(1 + z)) with z > 0. Thus, we have

5—2 ) s—2
qk(s)—r(ls) / 1_;<ez_ 1)Eik(log(1+z))dz+r(18) / 1_yz<ez_ 5 Eix(log(1 +2))dz. (24)

We see that the second integral in (24) converges absolutely for any s € C and hence,
the second term on the right hand side vanishes at non-positive integers. Therefore,

we obtain
lim |— /w 27 Ei(log(1+2)dz < — M=o,
s——m|T(s) J1 1—y(ez—1) I'(—m)
since -
I(s)T(1—s) = ()" (25)

Also, for R(s) > 0, the first integral in (24) can be written as

1 1 Zsfl 1 0
5 b gt Ty B los(1 - 2))e: W‘;

1

/ n+sfldz
1 ilfn)y 1 6)
CI(s) = n! n+s’

which defines an entire function of s. Therefore, we derive that 7, (s) can be continued to
an entire map of s.
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Theorem 5. For k € N, the map n(s) has an analytic continuation to a map of s € C, and the
special values at non-positive integers are as follows

e(—m) = (=1)"E¥) (y), (m € Ny). 27)

Proof. By means of (24)-(26), we acquire

1 q -1 |

Me(=m) = sﬂ@mr(s)/o 20 =y —1)) r(log(1+2))dz
(6

= - 404 lim ———Im o404

s——m mm
1 T(1-s)sin(ms) By (y)

= lim
s—>—mm-+Ss T m!
I'(l+m
= T costom) B ) = (-1 ),

which is the desired relation in (27). [
(k) (

Now, we state a summation formula for F,;’ (x;y) as given below.

Theorem 6. The following formula

EO (o +xmy) = ) (”)F,S")mm;y)xsﬂ 8)

m=0

holds for k € Z and n > 0.

Proof. By (17), we observe that

[e°] n

z
ZOF,Sk) (x1 + xz;y)m =
n=

which means the claimed result (28). O

Theorem 7. The following formula

! 1 Si(1+1, 1) ,_
vEP (x4 Ly) = 1+, ZZ (Dormm e @

is valid for k € Zand n > 0.

Proof. By (14) and (17), we consider that
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Eiy(log(1 +z))

= Zn XZ Z
_(__ e )\ EBi(log(l+2z))
_(1—y(62—1) ‘ ) yz

m\ xS (1 +1,m41) z"
I+1 (m+1)k1 n!’

which means the desired result (29).

Theorem 8. The following formula

]/ZFr(zk) (x1 4+ x2,12) — y1Fr(lk) (x1 +x2;11) (30)

= (1 (k) (k)
F ;Y1) Fm JY2) =
Z ( > n—m (X1 Y1) (x2;y2) [P—

m=0
holds for k € Z and n > 0.
Proof. By means of (17), we acquire

Zn _ Eix(log(1+2z)) Mz Eiy(log(1+z)) oz
21 -y(e-1) 2(1 (e - 1))
X1z eX2z

1T—y1(e2 —1) 1 —yp(e? —1))

( e(x14+x2)z i e(x1tx2)z >

=) Pr(zk)(xl}yl Z Eif leyz
n=0
Elkaoga +2)) <

_ Eig(log(1 +2))

2 B
vo—y1l—ya(e=1) y2—y11—-yi(e*—1)

_ i yzFék)(Jq +x2;12) — ylFrgk)(xl +x2; Y1) i
n=0 V2= nt

and
i(Z( ) EY, (xiy1)F (k)(xz;y2)> ,ZTT

which means the claimed result (30). O

Theorem 9. The following relationship
n> Si(n—1+1,m+1)S(l,r) y'r!

n—I1+1 (m+1)k1

holds for k € Z and n > 0.

Proof. Using (18), we get
2k z"  Eix(log(l+42z)) & ad 2zl
Y B ()= = —"( B Ly Y misal,m)

By 2 )(zzmm A

(m+1)k-1

=0
nonl Lo Siin—1+1,m+1) y'r! z"
L)) (l)SZ(l'r) n—I1+1 (m+ 1)1 ) nt’

O

which means the desired result (31).

(31)
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Theorem 10. The following correlation
n ) n 4 i 1
3> 10 satnm = Y33 (1) (1) Bwssi s, o @)
m=0 q=0i=0p=0 ( _q+ )
hold for k € Z and n > 0.
Proof. Using (18), replacing z by ¢* — 1, we acquire that
i E k (e —1) _ 1 z  Eig(z)
= r1- yle1—-1)ez -1 =z
00 00 | ©o 7] ® P
L5 LS00 L by
» iF()S( JESart=s e
= Z J—
i=0 \p=0 PSP it q=0 ! q! n=0 7’1!(71 + 1)k
> 9. & (n 1 "
- e ws z
- . 2\, )B —1
;)(qz()gpzo(q)( PSRRI G =g+ 1)F ) i
and
o r ez —1)m [eS) r 0 n 00 n K P
YR = YR L sam = 2(2 P,%><y>sz<n,m>>,,
m=0 m m=0 n=m n=0 \m=0 n:

which provides the asserted result (32). O

3. Two-Variable Unipoly-Fubini Polynomials

Using the unipoly function uy(z|p) in (11), we introduce two-variable unipoly-Fubini
polynomials attached to p via the following generating function

u(log(1+2)|p) vz _ g™ pl6) 1.y 2"

UAO8L T 2)IP) E®) (x; (33)
Xy 1) L

Upon setting x = 0 in (33), we have F,Sg Oy) : F,Sf‘,} (y) which we call unipoly-Fubini

polynomials attached to p as follows

ug(log(1+2)|p)

[e'e] k }’l
Sy 1) ~ Ly P Wy 4

We now investigate some properties of two-variable unipoly-Fubini polynomials
attached to p as follows.

Theorem 11. The following relationship

(35)
holds for k € Z and n > 0.

Proof. By (33) and (34), we consider thatwhich gives the asserted result (35). O
Theorem 12. The following derivative rule

d _(x k
ﬁFé,ﬁ(x;y) = ﬂFﬁfl,p(x;y) (36)
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holds for k € Z and n > 1.
Proof. From (33), we observe that
2 d k FA 1 d (k) Z" 1
Z d*F P m”k(log(l +Z)|P)Ee ngoF p(x y)
which means the desired result (36). [
Theorem 13. The following integral representation
jal)
p k), . -l-lp(l3 y) +1p(0‘ ]/)
/ Fnp (x;y)dx nr1 (37)
holds forn > 0 and k € 7Z.
Proof. By Theorem 12, we derive that
k k
/ " L P _ Bhywy) B (y)
"p T+l )y dx oY n+1 ’
which means the asserted result (37). O
Taking p(n) = % in (11) gives
1 2 (log(1+2z))™
log(1 == —=
”"(Og( +Z)r) m; mk(m — 1)1
by which we get
I e 1 xz ( 1)
F Xy = ——eu | log(1+2z)|= 38
B ez > (log(1+z))
1=yl =1)) =y mk(m—1)
Especially, for k = 1 in (38), we obtain
" F1) () 2 = e v (log(1+2)" ¢ p 2"
P i ey I D i PR Y
which gives the following equality
1
El) (xy) = Fa(xiy). (39)
Theorem 14. The following correlation
n
_ mip(m+1) F,_(x7y)
) (x;y —22() i DFT T+ Sip(l+1,m+1) (40)
holds for n > 0 and k € Z. Moreover, for p(n) = ﬁ,
! S1(l+1,m+1) F,_;(x;y)
= . 41
oo =L 8 (1) 2 o

Proof. From (33), we have
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nZ:OPY(lﬁ; (x,y) 1: = z(l — yeg; — 1)) mzz:l (log(lm-]i{- Z))m ( )
B e** > (log(1+z))"*!
R P S
B ez = omlp(m+1) & z!
= Z (m—|—1)k_1 I:Z Sl(l,m—i-l)l—'

. S(1+1,m+1)2

d 2" & pm+1)(m+1
- r;)Fn(x;y)ﬁ”go d :;ni<1)+ ! l; I+1 1t
- BB () et tseme )5
n=0 \I=0m=0
which is the desired result (40). O
Theorem 15. For n > 0and k € Z, we have
(42)

P ii() )52, m) (V).

Proof. By (33), we attain
ur(log(1+2)[p)

Zn Z X
= oD @)

— o (k
Y Ep(uy) = =

n=0

(e 1) wllog(1+2)p)

- (2%<) i )Jl—wﬂ—ln
o) 1
- (£ Emmami) (£ )
I=0m=0
i(f:z E, )82, m) () ) 2,
n=0 \/=0m=0

O

which provides the claimed result (42)

Lastly, we state the following theorem.

Theorem 16. Let k € Z and n > 0. We have
(43)

Fn—r—l(y)sl (l/ m) p(m + 1)111

Fﬁf‘rz(y)—éjz Zl; ( )(n_l) = (m+ 1)k

where D, is r-th Daehee number given by (cf. [18])
log(1+z)
g Z D7' '

Proof. From (14), (17), and (34), we have
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LA = "y )
_ log(lz+Z) : _y(tz = ;0 Pifzig’kﬂ lim Sl(l,m)l—:
= ngZ: néPn(y)j: l: (mz_jo pi:ﬁigf S1(l, )2l> %:
EEEO(on

Therefore, we obtain the claimed correlation (43). [

4. Conclusions

Inspired and motivated by the definition of the type 2 poly-Bernoulli given by Kim-
Kim [12], in the present paper, we have introduced a new extension of the two-variable
Fubini polynomials using the polyexponential function, which we call two-variable type 2
poly-Fubini polynomials. Then, we have acquired some useful relations including the Stir-
ling numbers of the first and the second kinds, the Bernoulli polynomials of higher-order,
and the usual Fubini polynomials. Also, we have developed some summation formulas
and an integral representation for type 2 poly-Fubini polynomials. Moreover, we have
considered two-variable unipoly-Fubini polynomials via unipoly function and have inves-
tigated diverse properties including derivative and integral properties. Furthermore, we
have provided some relationships covering the two-variable unipoly-Fubini polynomials,
the Stirling numbers of the first and the second kinds, and the Daehee polynomials.
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