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Abstract In this paper, Fibonacci collocation method is firstly used for approximately solving a
class of systems of nonlinear Pantograph differential equations with initial conditions. The problem
is firstly reduced into a nonlinear algebraic system via collocation points, later the unknown coef-
ficients of the approximate solution function are calculated. Also, some problems are presented to
test the performance of the proposed method by using the absolute error functions. Additionally,
the obtained numerical results are compared with exact solutions of the test problems and approx-

imate ones obtained with other methods in the literature.
© 2021 THE AUTHORS. Published by Elsevier BV on behalf of Faculty of Engineering, Alexandria
University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).

1. Introduction

Many problems in science and engineering can be modeled
with fractional and integer order partial differential equations,
ordinary differential equations, integro-differential equations
and their systems. For this reason, there are many studies on
these equations in the literature. Some of these studies can
be summarized as follows: In [1-4], the authors study on exis-
tence of fractional integro-differential equations. The paper [5]
deals with the systems of fractional order Willis aneurysm and
nonlinear singularly perturbed boundary value problems. The
paper [6] is on the controllability results of the non-dense Hil-
fer neutral fractional derivative. In [7], on exact controllability
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of a class of fractional neutral integro-differential systems is
studied. In [8], it is obtained exact solitary wave solutions of
the strain wave equation. In [9,10], it is studied on Nizhnik-
Novikov-Vesselov equations and modified Veronese web equa-
tion. In [11], it is presented solutions of nonlinear rth disper-
sionless equation. The paper [12] deals with solutions for the
Kawahara-KdV type equations. The paper [13] is on new soli-
ton solutions for a generalized nonlinear evolution equation.
In [14], the authors study on the existence of mild solution
of functional integro differential equation. The paper [15] is
on abundant solitary wave solutions to an extended nonlinear
Schrodinger’s equation with conformable derivative. In [16],
on the existence of Sobolev-type Hilfer fractional neutral
integro-differential systems are studied using measure of non-
compactness. In [17], on the existence and uniqueness of non-
local fractional delay differential systems are studied. The
paper [18] is on the approximate controllability of Hilfer frac-
tional neutral stochastic integro-differential equations. The
paper [19] deals with the existence and controllability results
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for fractional evolution. In [20], the authors study on the exis-
tence and controllability of fractional integro-differential sys-
tem. In [21], on a class of control systems governed by the
fractional differential evolution equations is considered.

Solving systems of nonlinear Pantograph differential equa-
tion is highly important because of their role in the modeling
of scientific phenomena and engineering. Due to the difficulties
on obtaining the analytical solutions, several numerical meth-
ods are developed to solve those equations approximately.
Some of the applied numerical methods on the approximate
solutions of systems of nonlinear Pantograph differential equa-
tion are as follows: Variational iteration method [22], opera-
tional matrix method based on Bernoulli polynomials [23],
optimized decomposition method [24], homotopy analysis
method [25].

In [26], the Fibonacci collocation method is applied to lin-
ear differential-difference equations. Similarly, in [27],the high-
order linear Fredholm integro-differential-difference equations
are used by using the Fibonacci collocation method. In [28], a
class of systems of linear Fredholm integro-differential equa-
tions is studied by the method. The paper given by [29] deals
with that the application of the Fibonacci collocation method
to singularly perturbed differential-difference equations. Also,
in [30], the Fibonacci collocation method is used for approxi-
mately solving a class of systems of high-order linear Volterra
integro-differential equations.

In this paper, the Fibonacci collocation method is devel-
oped for solving the following class of systems of nonlinear
Pantograph differential equation that is very useful while mod-
eling natural systems:[31,32]

S P (0 (x) + DD 0, (0t () ) (B,%) = ()

k=0 r=1 k=0 r=1
(1.1)
ngg 17 j737P: 172
with the initial conditions
1
> @ (0) + bl (0)] = 5, j=1,2 (1.2)

k=0

0
-

where 4% (x) = u,(x), u
functions. Py, (x), 0

J%jsBp
tions on interval [0, 1], au, by, %, f,and Jjare suitable con-
stants. The aim of this study is to get the approximate
solutions as the truncated Fibonacci series defined by

(x)=1 and u(x) is an unknown
and g;(x)are given continuous func-

N+1

ur(x) = ZcrnFn(x) (]3)

where  F,(x)denotes the Fibonacci polynomials; ¢,
(I <rn < N+ 1)are unknown Fibonacci polynomial coeffi-
cients, and N is chosen as any positive integer such that
N = m.

The paper consists of six sections. In Section 2, the basic
properties and definitions related to Fibonacci polynomials
are presented. In Section 3, the fundamental matrix forms of
the Fibonacci collocation method by using fundamental rela-
tions of Fibonacci polynomials are constructed to obtain the
approximate solutions for the given class of systems of nonlin-

ear Pantograph differential equation. In Section 4, the absolute
error function is formulated. In Section 5, three test problems
are presented and the method is tested using the absolute error
function. Finally, conclusions are given in Section 6.

2. Properties of Fibonacci polynomials

The Fibonacci polynomials were studied by Falcon and Plaza
[33,34]. The recurrence relation of those polynomials is defined
by

Fy(x) = xF,1(x) + F,2(x) (2.1)

Forn > 3.F(x) = 1, F,(x) = x . The properties were further
investigated by Falcon and Plaza in [33,34]. The first few Fibo-
nacci polynomials are

F=1 (2.2)
F,= 1x
Fr= 1x*+1
F,= 1x°+42x
Fs= 1x*+3x2+1
Fo= 1x°+4x°+3x
Fr= 1x°+5x*+6x>+1
Fy= 1x7 +6x° +10x3 +4x
Fy = 1x%4+7x° +15x* +10x* + 1
Fio= 1x° 4 8x7 +21x° +20x% 4 5x

The compact form of Eq. (2.2) is given by

[%] - n—=2
n—i—1 o n—1 =5,
R ) R SR
=0 20

Besides, a relationship between the Fibonacci polynomials and
the standard basis polynomials is given by

v =+ (1) = (1)) e

k=1

n even,
n odd.

For example,

X = Fi(x)

xl= F(x)

xXt= F(x) - Fi(x)

X' = Fy(x) = 2F(x) (23)
xt = Fs(x) = 3F(x) + 2F (x)

X = Fyg(x) — 4F4(x) + 5F(x)

x0 = Fy(x) — 5Fs5(x) + 9F;(x) — 5F(x)

X' = Fg(x) — 6Fs(x) + 14F,(x) — 14F(x)

3. Fundamental relations

Let us assume that linear combination of Fibonacci polynomi-
als (1.3) is an approximate solutions of Eq. (1.1). Our purpose
is to determine the matrix forms of Eq. (1.1) by using (1.3).
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Firstly, we can write Fibonacci polynomials (2.2) in the matrix
form

F(x) = T(x)M (3.1)
where F(x) = [Fi(x) Fo(x) -+ Fy (0)], T(x) = [1 x x2 x3 ... xY],

C = [cn o "'Cr(NH)]T,V =1,2and

1010101 0 1 0
01 02030 4 0
0010306 0 10 0
0001040 10 0 20
000O0T1TO0S5 0 15 0
M=|0 00 0 010 6 0 21
00 0O0O0OO0OT11T O 7 O
00 0O0O0OO0O0OT O 8
00 0O0O0OO0OOT O 1 O
000 0O0OO0OO0OTO0O O 1

Then we set the approximate solutions defined by a truncated
Fibonacci series (1.3) in the matrix form

u,(x) = F(x)C,. (3.2)
By using the relations (3.1) and (3.2), the matrix relation is

expressed as

u(x) = upn(x) =P(x)C, = T(x)MC,
u(x)=  uy(x) =TBMC,

W)= ly(x) = T(x)BMC,

(3.3)

u®(x) 2= u)(x) = T(x)B'MC,

where r = 1, 2. Also, the relations between the matrix T(x)and
its derivatives, T'(x), T”(x),....T® (x)are

T'(x) =T(x)B, T"(x) = T(x)B? (3.4)
T"(x) =T(x)B?,..., T¥(x) = T(x)B*

Then we set the approximate solution defined by a truncated
Fibonacci series (1.3) in the matrix form

u,(x) 2 un(x) = F(x)C,. (3.5)
By substituting the Fibonacci collocation points defined by

i

x,':N7l-:0717...N (36)
into Eq. (3.3), we have
uP (x;) = T(x;)B*MC, (3.7)

and the compact form of the relation (3.7) becomes

U% =TB*MC,, k=0,1,2, r=1,2 (3.8)
where
u? (xo)
“ﬁk)(xl)
U = S (3.9)
u™ (xy)

2653
o 1.0 0 0 0 07
00200 O 0
00030 O 0
00 004 O 0
B=100000 s 0]
00 0O0O0 O 0
00000 0 0]
't 0 0o 0 0 0 - 0]
01 0 0 0 O -0
001 0 0 O -0
00 01 0 O -0
B’ =
00 0 01 O -0
00 0 0 0 1 -0
00000 0 - 1
T(xo) 1 xo xyf
T(x;) 1 x xy
T= ) =
: 1
T(xy) 1 xy ... x¥

In addition, we can obtain the matrix form (le\_)rﬂgf /)Jipwhich
appears in the nonlinear part of Eq. (1.1), by using Eq. (3.3) as
1 (o0 ) ) (B, o)

t (o1 )ut) (Bp1)

(U.) 0y = (3.10)
(5w ), (B i)
us (X0 0 . 0 [ (Bpxo)
0 U (a,-.\.xl) e 0 ”ﬁk) (ﬁ,,,x )
_ _ (3.11)
o 0 o) | Ll (8, 0)
where
(Uw)rﬂl(j}m - (T‘Y,%M C,) T, (B)M. (3.12)
T(o%xu) 0 0 B 0O ... 0
0 T(wx1) .. 0 . 0B ... 0
. ) . : s B=|. . .
6 0 T(OC,;»\'N) 00 B
M 0 0 C 0 0
. 0 M 0 0 C 0
M=\. . . e : . :
0 0 .. M 0 0 ... C

Substituting the collocation points (x; =i/N,i=0,1,
-+, N) into Eq. (1.1), gives the system of equations

2 2 2 2
D2 P b)) () 3D O (i) (3x:)16 (Bx)
k=0 r=1 k=0 r=1

=gi(x), 0<x<1
which can be expressed with the aid of Egs. (3.9) and (3.10) as

2 2 2 2 o
ZZP"""UW +3 > (Vi) Uy, = G,
k=0 r=

k=0 r=1

(3.13)
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where . Wy W
[w; G] S (3.17)
ijr = dlag[ jkr (.X()) ij,,(Xl) N ij,,(X/\/ﬂ7 L WZI WZZ
Q,’km/s = diag [ijm/i(x()) kam/?(xl) oo Q/km/}(xN)] where
and Wi Wiz wi3 WIN+1
G _ [ (YO) gj(xl) gj(xN)]T, j _ 1’2. Wi Woo W3 Wan+1
L . . wsi W3 W33 W3N+1
Substituting the relations (3.8) and (3.12) into Eq. (3.13), the
fundamental matrix equation can be obtained as
[W“] _ W(Nt1-m)1  W(N+1-m)2  W(N+1-m)3 W(N+1-m)N+1
(S nummn e S 00 (1,3 €) e
V21 V22 V23 VaN+1
=G V31 V32 V33 V3Nt
(3.14)
Briefly, Eq. (3.14) can also be written in the form, T Von-1)2 Vim-1)3 Vvl
WC =G or [W;G] (3.15) Wiy Wiz Wi Winer ]
where W2y W Wa3 Wan+1
_— c G W31 W32 w33 W3N+1
W [ it 12]‘ :[ '],G:{ 1}
Wy Wy C, G,
Wiy = ZZP,A,TB M+ ZZQ/W( 5, ,.)er./x,,, (B)*M  for j=1 [le] = | Womr WN-m2 WN-m)3 W+1-m)N+1
k=0 r= 0 0 0 . 0
Wiy = ZZP/MTB M+ZZQ,M( M € ,)rT i, (BXM for j=1 0 0 0 0
=0 r=2 k=0 r=2
_ 0 0 0 . 0
Wi = ZZP/A/TB M+ EZQ,A:«/{( s M /) Ty, (B)kM for j=2 : .
k=0 r=1 : : : . :
Wiy = ZZP/MTB M + ZZQ,M/& (Ts.z,\M ér‘)"TPﬁm (B)kM for j=2. 0 0 0 o 0 _
k=0 r=2 wii Wiz w13 WiN+1
. w w w w
Here, Eq. (3.15) corresponds to a system of the (N + 1) nonlin- B 2 » e
ear algebraic equations with the unknown Fibonacci coeffi- kel W32 Ws3 Wan+1
cients ¢,,, n=1,2,..., N+ 1.

Now, a matrix representation of the mixed conditions in . Wttt Wonetoma Wy W
Eq. (1.2) can be found. Using the relation in Eq. (3.3) at points (W] = ( +07m) ( +07m) ( +07m)’ o (;m) -
0 and 1, the matrix representation of the mixed conditions in
Eq. (1.2) that depends on the Fibonacci coefficients in matrix 0 0 0 0
C, becomes 0 0 0 0

m—1 ® . . .
. <
>~ [axT(0) + b T(0)] (B) M ¢C, = 5. 0 0 o o |
k=0
Wi Wiz wi3 WIN+1
j=0,1,2,...,m—1 N
Wai W W3 Wan+1
or briefly w3l W32 w33 W3N41
V/',» C, = [5},] or [V/,/ 5/,}7 ] = 0, 1, 2, e, m— 1 (316)
where [W ] . WN+1—m)l  W(N+1-m)2  W(N+1-m)3 W(N+1-m)N+1
22| —
m—1 Vi Vi2 Vi3 VIN+1
vV, = [a]kT(O) + bjkT(O)] (B)(k M= [vjo Vi V... vjN]. V21 V2 V23 Van+1
k=0 V3 V32 V33 V3N+1
Consequently, by replacing the row matrices in (3.16) by the m
rows of the augmented matrix (3.15), the new augmented
matrix becomes L Vin-1)1 V(im—1)2 V(im-1)3 Vim-1)N+1
WC=G or [W; (A}} G
G=|."
which is a nonlinear algebraic system. For convenience, if the G,
last rows of the matrix are replaced, the new augmented matrix where

of the above system is as follows:
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Simt]”

St ]

gi(Xnpi-m) S0 On On
& (Xns1-m) On On On

However, the last rows in the above matrix do not need to
be replaced. For example, if matrix W is singular, the rows that
have the same factor or are all zero are replaced. Thus, by solv-
ing the linear equation system in (3.17), the unknown Fibo-
nacci coefficients ¢,,, n=1,2,..., N+ 1 are determined and
substituted into (1.3), and the Fibonacci polynomial solutions
is found.

with initial conditions
w1 (0) = =3, w(0)=—-2,u,(0)=0

and the exact solutions u;(x) = x*> — 3, uy(x) =x—2. The
approximate the solution u,(x) by the Fibonacci polynomials
is

N+1

u(x) = Zcan (x)

where

N=2, Ppi(x)=1, Prn(x) =1, Pia(x) = =x, Pin(x) = 1,(Q,(x) =1, apy =1, B, =1),
<Qll%(x) = ]7 % = ]7 ﬁlZ :%>7gl(x) :%_3”(2 _77\+ 117and

Pzzl(x) =X, lez(x) =1, PZOl(x) =1,

(2

11

'
4

4. Error estimation

In this section, to test the accuracy of the proposed method, it
is presented that the absolute error functions E; y(x) and
E» y(x). The functions E) y(x) and E, y(x) are given by

Ein(x) = [urn(x) — i ()] (4.1)
and
E; y(x) = Jua n(x) — tn(x)] (4.2)

where u; y(x) and u, y(x) are the approximate solutions of Eq.
(1.1) according to N. Besides, u;(x) and wu,(x) are the exact
solutions of Eq. (1.1).

5. Numerical examples

In this section, three numerical examples are presented to illus-
trate the efficiency of the proposed method. On these prob-
lems, the method is tested by using the error functions given
by (4.1) and (4.2). The obtained numerical results are pre-
sented with tables and graphics.

Example 1. Consider the second order nonlinear differential
equation

1
xuf (x) + uh(x) + uy (x) + 1f (x) — 13 (3) = x* — 12265"'2 +143

{wuwumwmxm+muwu

(V)a(x) + wr (x)ur (3) = 2

(O (x) =1, wy =1, By =1),
()=~ am =4, fn=1), gm(x)=x' 27443,

Hence, the set of collocation points (3.6) for N=2 is
computed as

XOZO, X = XZ:l

E )
From Eq. (3.14), the fundamental matrix equation of the prob-
lem is

G, = {PmTBZM 4+ P, TBM + P,y TM + Q,,, T, /M & Ty, M}cI
+{PI 2 TBM + QT M ész_%M}c2
G:= {PuiTBM + Py TM + Qu TM €T M€y

+{P21ZTBM +QuT, M CZTZ%M}CZ

where
Wi = Py TB*M 4P, TBM + P,(; TM + Q,,, T, M C,T; ;M
W]z = P[]zTBMJ’_Q]l%TZ_]M CzT27%M
Wy = Py TB’M + Py, TM + Q,, T, ;M C,T; /M
Wy = Py TBM + QuyT, M G, T, M
—3x% — 77‘ +11

(5.1)
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1 0 0
P121:P111:P101:Qm:Qn%: 01 0f,
0 0 1
0o 0 0
Po=[0 3 0
0 0 -1
1 0 0
Py =Py =Qy; = |0 1 0],
0 0 1
00 0 -1 0 0
Ppi=1|0 % 0 ,Qz%: 0O -1 o0
0 0 1 0 0o -1
T(0) 10 0
o= T | = |1,
T(1) 1 1 1
1 0 1 01 0
M=1{0 1 0|,B=|0 0 2],
0 0 1 0 0 0
[To0(0)7 1 0 0
Tz.,%: Tz,%(%) =1 % ﬁ )
_ng(l)_ _1 % %
[T,,07 1 0 0
Ty=|Tu) [ =|1 & w
[Ty ] [T 5 35
TO) 0 0
T=T,=T), = TE) 0
0 0 T(1)
1 00 00 0 0 OO0
=10 0 0 1 % % 00 0
00 0O0O0O0OT1T1°1
T,,0) 0 0
Tyy=| 0 Tyu@) 0
0 0 T,y(1)
1 0000 0 0O O
—lo0 01 & 00 0
00000 0 1 &
M 0 0 C, 0 0
N 0 M 0 R 0 C, 0
M= . | CG=
L0 0 ... M 0 0 G
wo |[Mu le},Clz[a b o) \Co=[k I m]’,C :[C‘
LW W C,
[G
6 - [g]e-mw e-p e

k+m+1 1 k+m+3
Wi= |k+3+3m+1 Yk+di+3m+3 Sk+3+Em+1
_k+/+2m+1 k+1+2m+2 2k +2[+4m+6
a+c 0 a+c
W= |a+ib+3c ta+ib+5c—3 Ha+Pb+5c—]
la+b+2c Jat+ibt+c—1 Sa+3ib+ic-2
a+c+1 0 a+c+1
Wa= |a+ib+3c+1 la+ib+3c+) Ja+3b+8c+3
_a+b+2(?+1 a+b+2c+1 2a+2b+4c+4
—k—m 1 —k —m
Wyn= | —k—f5l—im 1 —gsl—8m—iok 11— — 120 m — 10k
| —k—41—3Em —kl—&Em-1ik 2K Tm Bk
k+m+1 1 k+m+3 a+c 0 a+c
1 0 1 0 0 0
W] = Wy Wil 0 1 0 0 0 0
Wy Wan| |a+c+1l 0 ate+1 —k-m 1 —k-m
z Jo) 3 Z4 Zs Z6
0 0 0 1 0 1

G= [11 -3 0 3 & _3]

where
1= a+ib+3c+1
= la+ib+ic+]

3= Ja+3b+3c+?

= —k—51—1%m

Z5 = 1—%[—%1%—%/(
Zg = 1—%[—%1%—%/{.

From Eq. (3.16), the matrix form for initial condition is

Visonl=[1 0 1 ; =3]
[V12;512] = [1 0 1 3 *2}

Thus, the new augmented matrix [W;G] for the problem is
gained. Solving this system, the Fibonacci coefficients matrix
are found as

C=[-4 0 1-2 1 0]
where
C=[-4 0 1], C=[-2 1 0]"

The approximate solutions for N = 2 in terms of the Fibonacci
polynomials are obtained as

w1 (x) = x* — 3and uy(x) = x — 2.

Example 2 [35]. Assume that the following differential equa-
tion system

~cos (¥)uz(3) + 2¢O cos (3) sin (¥)ur () =0

(5.2)
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Table 1 Numerical comparison of the error functions E; y and E, y at the different values of N for Example 2.
X Adomian decomposition method [35], u; The proposed method, u;

E Eip Ei3 Ey Ei, Ei3
0.2 1.144 x 1072 4432 x 1074 1.900 x 107> 2.410 x 1073 4348 x 1073 9.376 x 10~*
0.4 4.990 x 1072 4274 x 1073 3.656 x 107* 1.740 x 1072 9.631 x 1073 1.014 x 1073
0.6 4.185 x 107! 1.643 x 1072 2.119 x 1073 5.295 x 1072 7.879 x 1073 1.976 x 10~*
0.8 2.171 x 107! 4274 x 1072 7.420 x 1072 1.130 x 107! 4902 x 1073 8.460 x 1074
1 3.437 x 107! 8.925 x 1072 1.960 x 1072 1.987 x 107! 2.978 x 1072 1.061 x 1072
X Adomian decomposition method [35], up The proposed method, u,

E> E>) B3 Ey Ep Ey3
0.2 2273 x 1072 5.174 x 107* 1.670 x 107> 1.330 x 1073 2.890 x 1073 1.548 x 107>
0.4 1.024 x 107! 5.840 x 1073 1.790 x 10~* 1.058 x 1072 6.304 x 1073 3.048 x 10~*
0.6 2.575 x 107! 2.630 x 1072 3.282 x 1074 3.535 x 1072 2.635x 1073 9.485 x 10~*
0.8 5.082 x 107! 8.022 x 1072 1.276 x 1073 8.264 x 1072 1.510 x 1073 1.408 x 1073
1 8.768 x 10~ 1.965 x 107! 1.015 x 1072 1.585 x 107! 5.299 x 1072 2475 % 1074
Table 2 Numerical results of the maximum error E; y at the different values of N for Example 2.
N 2 5 8 11
Ein 2.978 x 1072 4760 x 1073 2.894 x 1078 3.031 x 1072
Table 3 Numerical results of the maximum error E, y at the different values of N for Example 2
N 2 5 8 11
En 5.299 x 1072 1.230 x 1073 3.037 x 107 9.070 x 10~

—_— Exact —_— Exact

0.8 0.8

Approximate Approximate

06 0.6

04t 04

0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0
(a) N=2 (b) N=3

—_— Exact
0.8
Approximate

0.6

0.4

02 04 06 0.8 10
(c) N=4

Fig. 1  Graphical comparison of the exact and approximate solutions for u; when N = 2, 3,4 for Example 2.
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023 "7 ===

0.22 — == N=2
== N=3
0.21
N=4
0.20 | -------__________ — Exact
0952 0954 0956  0.958  0.960

Fig. 2 The zoomed graphical comparison of the exact and
approximate solutions for u; when N = 2, 3,4 for Example 2.

The exact solution of Eq. (52) is given by
uy(x) = e *cos(x),ur(x) = sin(x). Table | presents the numer-
ical values of error functions given in Eq. (4.1), Eq. (4.2) and a
numerical comparison of proposed method with Adomian
decomposition method [35] for Eq. (5.2) when N =1,2 and
3. Also, Table 2 and Table 3 show the numerical values of
the maximum absolute error. In Fig. 1 and Fig. 3, it is pre-
sented that the graphical comparison of approximate and
exact solutions obtained by the proposed method for u; and
u; when N = 2,3 and 4. Besides, in Fig. 2 and Fig. 4, it is given
that graphics of the exact and approximate solutions obtained
by the presented method in the interval (0.95, 0.96) when
N =2,3and 4.

Example 3. Consider that the following differential equation
system

086 [

oss .

0.84 | -

0.83 [ -

os2, o -
0952 0954 0956 0958 0960

Fig. 4 The zoomed graphical comparison of the exact and
approximate solutions for v, when N = 2, 3,4 for Example 2.

—uf (x) +uy (x) + x4 (x) + (R (3) = g1(x)
R0+l () TR0 F@GG) = a) gy
u1(0) = 1,u,(0) =1

up(0) = 2,u5(0) =

The exact solution of Eq. (5.3) is given by u(x) = €%,
ur(x) = e . Here, g(x)=—2e"x+¢%+4de >, g(x) =
4o (x + %) 4 2¢7% + ¢*. Table 4 presents the numerical
values of error function given in Eq. (4.1) and Eq. (4.2). Also,
Table 5 and Table 6 show the numerical values of the maxi-
mum absolute error. In Fig. 5 and Fig. 7, it is shown that
the graphical comparison of approximate and exact solutions
obtained by the proposed method for u; and u, when
N =3,4 and 5. Besides, in Fig. 6 and Fig. 8, it is given that
graphics of the exact and approximate solutions obtained by
the presented method in the interval (0.95, 0.96) when
N =3,4and 5.

»7_ 08}
0.8 //
’/
0.6
06
0.4 —_— Exact 04r —_— Exact
L 0.2 ;
02 — Approximate —— Approximate
. . L . . . . . .
0.2 04 0.6 0.8 0.2 0.4 0.6 0.8 1.0
(a) N =2 (b) N =3
0.8
06
0.4+ — Exact
02 - Approximate
I . . . .
0.2 0.4 0.6 0.8 1.0
(c) N=4

Fig. 3 Graphical comparison of the exact and approximate solutions for u, when N = 2, 3,4 for Example 2.



A numerical method for solving a class of systems 2659

Table 4 Numerical comparison of the error functions E; y and E, y at the different values of N for Example 3.

X up up
Ei3 Eis Eig Ey3 Eys Erg
0.2 3.335 x 1073 1.010 x 10~* 9.805 x 10°% 1.792 x 1073 3.414 x 1073 2.750 x 1078
0.4 1.573 x 1072 2257 x 107* 2.102 x 1077 7.574 x 1073 7.175 x 107> 6.443 x 1078
0.6 9.195 x 1073 3.851 x 1074 3.252 x 1077 5.855 x 1073 1.044 x 107* 1.124 x 1077
0.8 1.028 x 107! 1.680 x 10~* 4.148 x 1077 2.666 x 1072 5.523 x 1073 1.688 x 1077
1 4.940 x 107! 1.266 x 1072 1.547 x 107> 1.212 x 107! 2.641 x 1073 2.680 x 107°

Table 5 Numerical results of the maximum error E; y at the different values of N for Example 3

N 2 5 8 11
Ein 2.389 x 10° 1.266 x 1072 1.547 x 1073 5.651 x 10~

Table 6 Numerical results of the maximum error E, y at the different values of N for Example 3

N 2 5 8 11
En 8.646 x 107! 2.641 x 107° 2.680 x 1076 9.837 x 10710
! — Exact /’ T — Exact
A
6 ,/ 6
4
5f - Approximate %4 5L - Approximate
4f af
3F 3L
2 2r
0{2 Of4 O‘.G 0!8 110 0!2 014 0!6 018 1f0
(a) N = (b)y N=4
7L
_— Exact

6

5F mmme- Approximate

4L

3k

o[

012 0‘.4 O.‘G 0‘.8 1.‘0
(c) N=5

Fig. 5 Graphical comparison of the exact and approximate solutions for u; when N = 3,4,5 for Example 3.
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== N=3

== N=4
651 N=5
64r -“—__——_—_ — Exact

0.956 0.958 0.960

Fig. 6 The zoomed graphical comparison of the exact and
approximate solutions for #; when N = 3,4, 5 for Example 3.

6. Conclusions

In this study, the Fibonacci collocation method was used for
solving a class of systems of nonlinear Pantograph differential
equations. The efficiency and accuracy of the method with
three different examples are shown. The obtained approximate
and error results are compared with ones obtained with Ado-
mian decomposition method. As a result of these comparisons,
it can be said that the method is very effective to obtain
approximate solution systems of nonlinear Pantograph differ-
ential equations. The given tables and graphics show that when
it is increased that the number of &, the approximate solutions
converge the exact ones. Besides, as seen in Example 1, for
problems whose analytical solution is polynomial, it is possible
to obtain the exact solution using the presented method. The
other advantage of the method is that all the computations
can be calculated in a short time with computer software. In

Exact
0.8

0.6 Approximate

0.4

0.2

1 - e e

0.14f

012f - NS
0.10f == N=4
0.08 [ N=5
0.06 e e e — Exact

0.952 0.954 0.956 0.958 0.960

Fig. 8 The zoomed graphical comparison of the exact and
approximate solutions for u, when N = 3,4, 5 for Example 3.

the future, it is planned to apply the method to systems of frac-
tional differential equations.
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