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Abstract In this paper, Fibonacci collocation method is firstly used for approximately solving a

class of systems of nonlinear Pantograph differential equations with initial conditions. The problem

is firstly reduced into a nonlinear algebraic system via collocation points, later the unknown coef-

ficients of the approximate solution function are calculated. Also, some problems are presented to

test the performance of the proposed method by using the absolute error functions. Additionally,

the obtained numerical results are compared with exact solutions of the test problems and approx-

imate ones obtained with other methods in the literature.
� 2021 THE AUTHORS. Published by Elsevier BV on behalf of Faculty of Engineering, Alexandria

University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

Many problems in science and engineering can be modeled
with fractional and integer order partial differential equations,
ordinary differential equations, integro-differential equations

and their systems. For this reason, there are many studies on
these equations in the literature. Some of these studies can
be summarized as follows: In [1–4], the authors study on exis-

tence of fractional integro-differential equations. The paper [5]
deals with the systems of fractional order Willis aneurysm and
nonlinear singularly perturbed boundary value problems. The

paper [6] is on the controllability results of the non-dense Hil-
fer neutral fractional derivative. In [7], on exact controllability
of a class of fractional neutral integro-differential systems is

studied. In [8], it is obtained exact solitary wave solutions of
the strain wave equation. In [9,10], it is studied on Nizhnik-
Novikov-Vesselov equations and modified Veronese web equa-

tion. In [11], it is presented solutions of nonlinear rth disper-
sionless equation. The paper [12] deals with solutions for the
Kawahara-KdV type equations. The paper [13] is on new soli-
ton solutions for a generalized nonlinear evolution equation.

In [14], the authors study on the existence of mild solution
of functional integro differential equation. The paper [15] is
on abundant solitary wave solutions to an extended nonlinear

Schrödinger’s equation with conformable derivative. In [16],
on the existence of Sobolev-type Hilfer fractional neutral
integro-differential systems are studied using measure of non-

compactness. In [17], on the existence and uniqueness of non-
local fractional delay differential systems are studied. The
paper [18] is on the approximate controllability of Hilfer frac-
tional neutral stochastic integro-differential equations. The

paper [19] deals with the existence and controllability results
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for fractional evolution. In [20], the authors study on the exis-
tence and controllability of fractional integro-differential sys-
tem. In [21], on a class of control systems governed by the

fractional differential evolution equations is considered.
Solving systems of nonlinear Pantograph differential equa-

tion is highly important because of their role in the modeling

of scientific phenomena and engineering. Due to the difficulties
on obtaining the analytical solutions, several numerical meth-
ods are developed to solve those equations approximately.

Some of the applied numerical methods on the approximate
solutions of systems of nonlinear Pantograph differential equa-
tion are as follows: Variational iteration method [22], opera-
tional matrix method based on Bernoulli polynomials [23],

optimized decomposition method [24], homotopy analysis
method [25].

In [26], the Fibonacci collocation method is applied to lin-

ear differential-difference equations. Similarly, in [27],the high-
order linear Fredholm integro-differential-difference equations
are used by using the Fibonacci collocation method. In [28], a

class of systems of linear Fredholm integro-differential equa-
tions is studied by the method. The paper given by [29] deals
with that the application of the Fibonacci collocation method

to singularly perturbed differential-difference equations. Also,
in [30], the Fibonacci collocation method is used for approxi-
mately solving a class of systems of high-order linear Volterra
integro-differential equations.

In this paper, the Fibonacci collocation method is devel-
oped for solving the following class of systems of nonlinear
Pantograph differential equation that is very useful while mod-

eling natural systems:[31,32]

X2

k¼0

X2

r¼1

PjkrðxÞu kð Þ
r ðxÞ þ

X2

k¼0

X2

r¼1

Qjajsbjp
ðxÞurs ajsx

� �
u kð Þ
p ðbjpxÞ ¼ gjðxÞ

ð1:1Þ

0 6 x 6 1; j; s; p ¼ 1; 2

with the initial conditions

X1

k¼0

ajku
kð Þ
r ð0Þ þ bjku

kð Þ
r ð0Þ� � ¼ djr; j ¼ 1; 2 ð1:2Þ

where uð0Þr ðxÞ ¼ urðxÞ; u0r ðxÞ ¼ 1 and urðxÞ is an unknown

functions. PjkrðxÞ;Qjajsbjp
and gjðxÞare given continuous func-

tions on interval 0; 1½ �; ajk; bjk; ajs; bjpand djrare suitable con-

stants. The aim of this study is to get the approximate
solutions as the truncated Fibonacci series defined by

ur xð Þ ¼
XNþ1

n¼1

crnFnðxÞ ð1:3Þ

where FnðxÞdenotes the Fibonacci polynomials; crn
1 6 rn 6 Nþ 1ð Þare unknown Fibonacci polynomial coeffi-
cients, and N is chosen as any positive integer such that
N P m.

The paper consists of six sections. In Section 2, the basic

properties and definitions related to Fibonacci polynomials
are presented. In Section 3, the fundamental matrix forms of
the Fibonacci collocation method by using fundamental rela-

tions of Fibonacci polynomials are constructed to obtain the
approximate solutions for the given class of systems of nonlin-
ear Pantograph differential equation. In Section 4, the absolute
error function is formulated. In Section 5, three test problems
are presented and the method is tested using the absolute error

function. Finally, conclusions are given in Section 6.

2. Properties of Fibonacci polynomials

The Fibonacci polynomials were studied by Falcon and Plaza
[33,34]. The recurrence relation of those polynomials is defined
by

FnðxÞ ¼ xFn�1ðxÞ þ Fn�2ðxÞ ð2:1Þ
For n P 3:F1ðxÞ ¼ 1; F2ðxÞ ¼ x . The properties were further
investigated by Falcon and Plaza in [33,34]. The first few Fibo-
nacci polynomials are

F1 ¼ 1 ð2:2Þ
F2 ¼ 1x

F3 ¼ 1x2 þ 1

F4 ¼ 1x3 þ 2x

F5 ¼ 1x4 þ 3x2 þ 1

F6 ¼ 1x5 þ 4x3 þ 3x

F7 ¼ 1x6 þ 5x4 þ 6x2 þ 1

F8 ¼ 1x7 þ 6x5 þ 10x3 þ 4x

F9 ¼ 1x8 þ 7x6 þ 15x4 þ 10x2 þ 1

F10 ¼ 1x9 þ 8x7 þ 21x5 þ 20x3 þ 5x

..

.

The compact form of Eq. (2.2) is given by

Fn xð Þ ¼
Xn�1

2½ �

i¼0

n� i� 1

i

� �
xn�2i�1;

n� 1

2

� 	
¼

n�2
2
;

n�1
2
;

n even;

n odd:

(

Besides, a relationship between the Fibonacci polynomials and
the standard basis polynomials is given by

xn ¼ Fnþ1 xð Þ þ
Xbn2c
k¼1

�1ð Þk n

k

� �
� n

k� 1

� �� 	
Fnþ1�2k xð Þ:

For example,

x0 ¼ F1 xð Þ
x1 ¼ F2 xð Þ
x2 ¼ F3 xð Þ � F1 xð Þ
x3 ¼ F4 xð Þ � 2F2 xð Þ
x4 ¼ F5 xð Þ � 3F3 xð Þ þ 2F1 xð Þ
x5 ¼ F6 xð Þ � 4F4 xð Þ þ 5F2 xð Þ
x6 ¼ F7 xð Þ � 5F5 xð Þ þ 9F3 xð Þ � 5F1 xð Þ
x7 ¼ F8 xð Þ � 6F6 xð Þ þ 14F4 xð Þ � 14F2 xð Þ

ð2:3Þ
3. Fundamental relations

Let us assume that linear combination of Fibonacci polynomi-
als (1.3) is an approximate solutions of Eq. (1.1). Our purpose

is to determine the matrix forms of Eq. (1.1) by using (1.3).
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Firstly, we can write Fibonacci polynomials (2.2) in the matrix
form

F xð Þ ¼ T xð ÞM ð3:1Þ
where FðxÞ ¼ F1 xð Þ F2 xð Þ � � �FNþ1 xð Þ½ �;T xð Þ ¼ 1 x x2 x3 . . .xN½ �;
Cr ¼ ½cr1 cr2 � � � cr Nþ1ð Þ�T; r ¼ 1; 2and

M ¼

1 0 1 0 1 0 1 0 1 0 � � �
0 1 0 2 0 3 0 4 0 5 � � �
0 0 1 0 3 0 6 0 10 0 � � �
0 0 0 1 0 4 0 10 0 20 � � �
0 0 0 0 1 0 5 0 15 0 � � �
0 0 0 0 0 1 0 6 0 21 � � �
0 0 0 0 0 0 1 0 7 0 � � �
0 0 0 0 0 0 0 1 0 8 � � �
0 0 0 0 0 0 0 0 1 0 � � �
0 0 0 0 0 0 0 0 0 1 � � �
..
. ..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
. ..

. . .
.

2
6666666666666666666666664

3
7777777777777777777777775

Then we set the approximate solutions defined by a truncated

Fibonacci series (1.3) in the matrix form

ur xð Þ ¼ F xð ÞCr: ð3:2Þ
By using the relations (3.1) and (3.2), the matrix relation is
expressed as

ur xð Þ ffi urN xð Þ ¼ P xð ÞCr ¼ T xð ÞMCr ð3:3Þ
u0r xð Þ ffi u0rN xð Þ ¼ TBMCr

u00r xð Þ ffi u00rN xð Þ ¼ T xð ÞB2MCr

. . .

u kð Þ
r xð Þ ffi u

kð Þ
rN xð Þ ¼ T xð ÞBkMCr

where r ¼ 1; 2. Also, the relations between the matrix T xð Þand
its derivatives, T0ðxÞ;T00ðxÞ,. . .,T kð Þ xð Þare
T0ðxÞ ¼T xð ÞB;T00ðxÞ ¼ T xð ÞB2 ð3:4Þ
T000ðxÞ ¼T xð ÞB3; . . . ;T kð Þ xð Þ ¼ T xð ÞBk

Then we set the approximate solution defined by a truncated
Fibonacci series (1.3) in the matrix form

ur xð Þ ffi urN xð Þ ¼ F xð ÞCr: ð3:5Þ
By substituting the Fibonacci collocation points defined by

xi ¼ i

N
; i ¼ 0; 1; . . .N ð3:6Þ

into Eq. (3.3), we have

u kð Þ
r xið Þ ¼ T xið ÞBkMCr ð3:7Þ
and the compact form of the relation (3.7) becomes

U kð Þ
r ¼ TBkMCr; k ¼ 0; 1; 2; r ¼ 1; 2 ð3:8Þ

where

U kð Þ
r ¼

u kð Þ
r x0ð Þ
u kð Þ
r x1ð Þ
..
.

u kð Þ
r xNð Þ

2
666664

3
777775; ð3:9Þ
B ¼

0 1 0 0 0 0 � � � 0

0 0 2 0 0 0 � � � 0

0 0 0 3 0 0 � � � 0

0 0 0 0 4 0 � � � 0

0 0 0 0 0 5 � � � 0

0 0 0 0 0 0 � � � 0

..

. ..
. ..

. ..
. ..

. . .
. . .

.
N

0 0 0 0 0 0 � � � 0

2
666666666666664

3
777777777777775

;

B0 ¼

1 0 0 0 0 0 � � � 0

0 1 0 0 0 0 � � � 0

0 0 1 0 0 0 � � � 0

0 0 0 1 0 0 � � � 0

0 0 0 0 1 0 � � � 0

0 0 0 0 0 1 � � � 0

..

. ..
. ..

. ..
. ..

. . .
. . .

.
0

0 0 0 0 0 0 � � � 1

2
666666666666664

3
777777777777775

T ¼

T x0ð Þ
T x1ð Þ

..

.

T xNð Þ

2
66664

3
77775 ¼

1 x0 . . . xN
0

1 x1 . . . xN
1

1 ..
.

. . . ..
.

1 xN . . . xN
N

2
66664

3
77775:

In addition, we can obtain the matrix form Ûs;ajs

� �r
Û

kð Þ
p;bjp

which

appears in the nonlinear part of Eq. (1.1), by using Eq. (3.3) as

Ûs;ajs

� �r
Û

kð Þ
p;bjp

¼

urs ajsx0

� �
u kð Þ
p bjpx0

� �
urs ajsx1

� �
u kð Þ
p bjpx1

� �
..
.

urs ajsxN

� �
u kð Þ
p bjpxN

� �

2
666664

3
777775 ð3:10Þ

¼

us ajsx0

� �
0 . . . 0

0 us ajsx1

� �
. . . 0

..

. ..
. . .

. ..
.

0 0 . . . us ajsxN

� �

2
666664

3
777775

r u kð Þ
p bjpx0

� �
u kð Þ
p bjpx1

� �
..
.

u kð Þ
p bjpxN

� �

2
666664

3
777775 ð3:11Þ

where

Ûs;ajs

� �r
Û

kð Þ
p;bjp

¼ T̂s;ajsM̂ Ĉr


 �r

Tp;bjp Bð ÞkM: ð3:12Þ

T̂s;ajs ¼

T ajsx0

� �
0 . . . 0

0 T ajsx1

� �
. . . 0

..

. ..
. . .

. ..
.

0 0 . . . T ajsxN

� �

2
6664

3
7775; B̂ ¼

B 0 . . . 0
0 B . . . 0
..
. ..

. . .
. ..

.

0 0 . . . B

2
664

3
775,

M̂ ¼
M 0 . . . 0
0 M . . . 0
..
. ..

. . .
. ..

.

0 0 . . . M

2
664

3
775, Ĉr ¼

Cr 0 . . . 0
0 Cr . . . 0

..

. ..
. . .

. ..
.

0 0 . . . Cr

2
6664

3
7775.

Substituting the collocation points (xi ¼ i=N; i ¼ 0; 1;
� � � ;N) into Eq. (1.1), gives the system of equationsX2

k¼0

X2

r¼1

PjkrðxiÞu kð Þ
r ðxiÞ þ

X2

k¼0

X2

r¼1

QjkrabðxiÞurs ajsxi

� �
u kð Þ
p bjpxi

� �
¼ gjðxiÞ; 0 6 x 6 1

which can be expressed with the aid of Eqs. (3.9) and (3.10) as

X2

k¼0

X2

r¼1

PjkrU
kð Þ
r þ

X2

k¼0

X2

r¼1

Qjkrab Ûs;ajs

� �r
Û

kð Þ
p;bjp

¼ Gj ð3:13Þ
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where

Pjkr ¼ diag Pjkrðx0Þ Pjkrðx1Þ . . . PjkrðxNÞ
� �

;

Qjkrab ¼ diag Qjkrabðx0Þ Qjkrabðx1Þ . . . QjkrabðxNÞ
� �

and

Gj ¼ gjðx0Þ gjðx1Þ . . . gjðxNÞ
� �T

; j ¼ 1; 2:

Substituting the relations (3.8) and (3.12) into Eq. (3.13), the
fundamental matrix equation can be obtained as

X2

k¼0

X2

r¼1

PjkrTB
kMþ

X2

k¼0

X2

r¼1

Qjkrab T̂s;ajsM̂ Ĉr


 �r

Tp;bjp Bð ÞkM
( )

Cr

¼ Gj

ð3:14Þ
Briefly, Eq. (3.14) can also be written in the form,

WC ¼ G or W;G½ � ð3:15Þ
where

W ¼ W11 W12

W21 W22

� 	
; C ¼ C1

C2

� 	
; G ¼ G1

G2

� 	

W11 ¼
X2

k¼0

X1

r¼1

PjkrTB
kMþ

X2

k¼0

X1

r¼1

Qjkrab T̂s;ajsM̂ Ĉr


 �r

Tp;bjp Bð ÞkM for j ¼ 1

W12 ¼
X2

k¼0

X2

r¼2

PjkrTB
kMþ

X2

k¼0

X2

r¼2

Qjkrab T̂s;ajsM̂ Ĉr


 �r

Tp;bjp Bð ÞkM for j ¼ 1

W21 ¼
X2

k¼0

X1

r¼1

PjkrTB
kMþ

X2

k¼0

X1

r¼1

Qjkrab T̂s;ajsM̂ Ĉr


 �r

Tp;bjp Bð ÞkM for j ¼ 2

W12 ¼
X2

k¼0

X2

r¼2

PjkrTB
kMþ

X2

k¼0

X2

r¼2

Qjkrab T̂s;ajsM̂ Ĉr


 �r

Tp;bjp Bð ÞkM for j ¼ 2:

Here, Eq. (3.15) corresponds to a system of the ðNþ 1Þ nonlin-
ear algebraic equations with the unknown Fibonacci coeffi-

cients crn; n ¼ 1; 2; . . . ;Nþ 1.
Now, a matrix representation of the mixed conditions in

Eq. (1.2) can be found. Using the relation in Eq. (3.3) at points

0 and 1, the matrix representation of the mixed conditions in
Eq. (1.2) that depends on the Fibonacci coefficients in matrix
Cr becomes

Xm�1

k¼0

ajkT 0ð Þ þ bjkT 0ð Þ� �
Bð Þ kð Þ

M

( )
Cr ¼ djr;

j ¼ 0; 1; 2; . . . ;m� 1

or briefly

Vjr Cr ¼ djr
� �

or Vjr; djr
� �

; j ¼ 0; 1; 2; . . . ;m� 1 ð3:16Þ
where

Vjr ¼
Xm�1

k¼0

ajkT 0ð Þ þ bjkT 0ð Þ� �
Bð Þ kð Þ

M ¼ vjo vj1 vj2 . . . vjN
� �

:

Consequently, by replacing the row matrices in (3.16) by the m
rows of the augmented matrix (3.15), the new augmented
matrix becomes

Ŵ C ¼ Ĝ or Ŵ; Ĝ
h i

which is a nonlinear algebraic system. For convenience, if the
last rows of the matrix are replaced, the new augmented matrix

of the above system is as follows:
Ŵ; Ĝ
h i

¼ Ŵ11 Ŵ12

Ŵ21 Ŵ22

" #
ð3:17Þ

where

Ŵ11

� � ¼

w11 w12 w13 � � � w1Nþ1

w21 w22 w23 � � � w2Nþ1

w31 w32 w33 � � � w3Nþ1

..

. ..
. ..

. . .
. ..

.

wðNþ1�mÞ1 wðNþ1�mÞ2 wðNþ1�mÞ3 � � � wðNþ1�mÞNþ1

v11 v12 v13 � � � v1Nþ1

v21 v22 v23 � � � v2Nþ1

v31 v32 v33 � � � v3Nþ1

..

. ..
. ..

. . .
. ..

.

vðm�1Þ1 vðm�1Þ2 vðm�1Þ3 � � � vðm�1ÞNþ1

2
666666666666666666664

3
777777777777777777775

Ŵ12

� � ¼

w11 w12 w13 � � � w1Nþ1

w21 w22 w23 � � � w2Nþ1

w31 w32 w33 � � � w3Nþ1

..

. ..
. ..

. . .
. ..

.

wðNþ1�mÞ1 wðNþ1�mÞ2 wðNþ1�mÞ3 � � � wðNþ1�mÞNþ1

0 0 0 � � � 0

0 0 0 � � � 0

0 0 0 � � � 0

..

. ..
. ..

. . .
. ..

.

0 0 0 � � � 0

2
666666666666666666664

3
777777777777777777775

Ŵ21

� � ¼

w11 w12 w13 � � � w1Nþ1

w21 w22 w23 � � � w2Nþ1

w31 w32 w33 � � � w3Nþ1

..

. ..
. ..

. . .
. ..

.

wðNþ1�mÞ1 wðNþ1�mÞ2 wðNþ1�mÞ3 � � � wðNþ1�mÞNþ1

0 0 0 � � � 0

0 0 0 � � � 0

0 0 0 � � � 0

..

. ..
. ..

. . .
. ..

.

0 0 0 � � � 0

2
666666666666666666664

3
777777777777777777775

Ŵ22

� � ¼

w11 w12 w13 � � � w1Nþ1

w21 w22 w23 � � � w2Nþ1

w31 w32 w33 � � � w3Nþ1

..

. ..
. ..

. . .
. ..

.

wðNþ1�mÞ1 wðNþ1�mÞ2 wðNþ1�mÞ3 � � � wðNþ1�mÞNþ1

v11 v12 v13 � � � v1Nþ1

v21 v22 v23 � � � v2Nþ1

v31 v32 v33 � � � v3Nþ1

..

. ..
. ..

. . .
. ..

.

vðm�1Þ1 vðm�1Þ2 vðm�1Þ3 � � � vðm�1ÞNþ1

2
666666666666666666664

3
777777777777777777775

Ĝ ¼ Ĝ1

Ĝ2

" #

where



A numerical method for solving a class of systems 2655
Ĝ1 ¼ g1ðx0Þ g1ðx1Þ � � � g1ðxNþ1�mÞ d10 d11 d12 � � � d1m�1½ �T
Ĝ2 ¼ g2ðx0Þ g2ðx1Þ � � � g2ðxNþ1�mÞ d20 d21 d22 � � � d2m�1½ �T:

However, the last rows in the above matrix do not need to

be replaced. For example, if matrix Ŵ is singular, the rows that
have the same factor or are all zero are replaced. Thus, by solv-

ing the linear equation system in (3.17), the unknown Fibo-
nacci coefficients crn; n ¼ 1; 2; . . . ;Nþ 1 are determined and
substituted into (1.3), and the Fibonacci polynomial solutions

is found.
N ¼ 2; P121 xð Þ ¼ 1; P111 xð Þ ¼ 1;P112 xð Þ ¼ �x;P101 xð Þ ¼ 1; Q111 xð Þ ¼ 1; a11 ¼ 1; b12 ¼ 1ð Þ;
Q1112

xð Þ ¼ 1; a11 ¼ 1; b12 ¼ 1
2


 �
; g1 xð Þ ¼ 5x3

2
� 3x2 � 7x

2
þ 11; and

P221 xð Þ ¼ x; P212 xð Þ ¼ 1; P201 xð Þ ¼ 1; Q211 xð Þ ¼ 1; a21 ¼ 1; b21 ¼ 1ð Þ;
Q215

1
5
xð Þ ¼ �1; a22 ¼ 1

5
; b22 ¼ 1

5


 �
; g2 xð Þ ¼ x4 � 126x2

25
þ 14x

5
þ 3:
4. Error estimation

In this section, to test the accuracy of the proposed method, it

is presented that the absolute error functions E1;NðxÞ and

E2;NðxÞ. The functions E1;NðxÞ and E2;NðxÞ are given by

E1;NðxÞ ¼ ju1;NðxÞ � u1ðxÞj ð4:1Þ
and

E2;NðxÞ ¼ ju2;NðxÞ � u2ðxÞj ð4:2Þ
where u1;NðxÞ and u2;NðxÞ are the approximate solutions of Eq.

(1.1) according to N. Besides, u1ðxÞ and u2ðxÞ are the exact
solutions of Eq. (1.1).

5. Numerical examples

In this section, three numerical examples are presented to illus-

trate the efficiency of the proposed method. On these prob-
lems, the method is tested by using the error functions given
by (4.1) and (4.2). The obtained numerical results are pre-

sented with tables and graphics.

Example 1. Consider the second order nonlinear differential
equation
u001 xð Þ þ u01 xð Þ � xu02 xð Þ þ u1 xð Þ þ u1 xð Þu2 xð Þ þ u1 xð Þu2 x
2

� � ¼ 5x3

2
�

xu001 xð Þ þ u02 xð Þ þ u1 xð Þ þ u21 xð Þ � u22
x
5

� � ¼ x4 � 126x2

25
þ 14x

5
þ 3

(

with initial conditions

u1 0ð Þ ¼ �3; u2 0ð Þ ¼ �2; u01 0ð Þ ¼ 0

and the exact solutions u1 xð Þ ¼ x2 � 3; u2 xð Þ ¼ x� 2. The
approximate the solution urðxÞ by the Fibonacci polynomials
is

ur xð Þ ¼
XNþ1

n¼1

crnFnðxÞ

where
Hence, the set of collocation points (3.6) for N ¼ 2 is
computed as

x0 ¼ 0; x1 ¼ 1

2
; x2 ¼ 1

From Eq. (3.14), the fundamental matrix equation of the prob-
lem is

G1 ¼ P121TB
2Mþ P111TBMþ P101TMþQ111T̂1;1M̂ Ĉ2T1;1 M

n o
C1

þ P112TBMþQ1112
T̂2;1M̂ Ĉ2T2;12

M
n o

C2

G2 ¼ P221TB
2Mþ P201TMþQ211T̂1;1M̂ Ĉ1T1;1M

n o
C1

þ P212TBMþQ215
1
5
T̂2;15

M̂ Ĉ2T2;15
M

n o
C2

where

W11 ¼ P121TB
2Mþ P111TBMþ P101TMþQ111T̂1;1M̂ Ĉ2T1;1M

W12 ¼ P112TBMþQ1112
T̂2;1M̂ Ĉ2T2;12

M

W21 ¼ P221TB
2Mþ P201TMþQ211T̂1;1M̂ Ĉ1T1;1M

W22 ¼ P212TBMþQ215
1
5
T̂2;15

M̂ Ĉ2T2;15
M

3x2 � 7x
2
þ 11 ð5:1Þ
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P121 ¼ P111 ¼ P101 ¼ Q111 ¼ Q1112
¼

1 0 0

0 1 0

0 0 1

2
64

3
75;

P112 ¼
0 0 0

0 �1
2

0

0 0 �1

2
64

3
75

P212 ¼ P201 ¼ Q211 ¼
1 0 0

0 1 0

0 0 1

2
64

3
75;

P221 ¼
0 0 0

0 1
2

0

0 0 1

2
64

3
75;Q215

1
5
¼

�1 0 0

0 �1 0

0 0 �1

2
64

3
75

T ¼ T1;1 ¼
T 0ð Þ
T 1

2

� �
T 1ð Þ

2
64

3
75 ¼

1 0 0

1 1
2

1
4

1 1 1

2
64

3
75;

M ¼
1 0 1

0 1 0

0 0 1

2
64

3
75; B ¼

0 1 0

0 0 2

0 0 0

2
64

3
75;

T2;12
¼

T2;12
0ð Þ

T2;12

1
2

� �
T2;12

1ð Þ

2
664

3
775 ¼

1 0 0

1 1
4

1
16

1 1
2

1
4

2
664

3
775;

T2;15
¼

T2;15
0ð Þ

T2;15

1
2

� �
T2;15

1ð Þ

2
664

3
775 ¼

1 0 0

1 1
10

1
100

1 1
5

1
25

2
664

3
775

T̂ ¼ T̂1;1 ¼ T̂2;1 ¼
T 0ð Þ 0 0

0 T 1
2

� �
0

0 0 T 1ð Þ

2
64

3
75

¼
1 0 0 0 0 0 0 0 0

0 0 0 1 1
2

1
4

0 0 0

0 0 0 0 0 0 1 1 1

2
64

3
75

T̂2;15
¼

T2;15
0ð Þ 0 0

0 T2;15

1
2

� �
0

0 0 T2;15
1ð Þ

2
664

3
775

¼
1 0 0 0 0 0 0 0 0

0 0 0 1 1
10

1
100

0 0 0

0 0 0 0 0 0 1 1
5

1
25

2
64

3
75

M̂ ¼

M 0 . . . 0

0 M . . . 0

..

. ..
. . .

. ..
.

0 0 . . . M

2
66664

3
77775; Ĉr ¼

Cr 0 . . . 0

0 Cr . . . 0

..

. ..
. . .

. ..
.

0 0 . . . Cr

2
66664

3
77775

W ¼ W11 W12

W21 W22

� 	
; C1 ¼ a b c½ �T;C2 ¼ k l m½ �T; C ¼ C1

C2

� 	

G ¼ G1

G2

� 	
;G1 ¼ 11 141

16
7

� �T
;G2 ¼ 3 1281

400
44
25

� �T
W11 ¼
kþmþ 1 1 kþmþ 3

kþ 1
2
lþ 5

4
mþ 1 1

2
kþ 1

4
lþ 5

8
mþ 3

2
5
4
kþ 5

8
lþ 25

16
mþ 17

4

kþ lþ 2mþ 1 kþ lþ 2mþ 2 2kþ 2lþ 4mþ 6

2
6664

3
7775

W12 ¼
aþ c 0 aþ c

aþ 1
2
bþ 5

4
c 1

4
aþ 1

8
bþ 5

16
c� 1

2
17
16
aþ 17

32
bþ 85

64
c� 1

2

aþ bþ 2c 1
2
aþ 1

2
bþ c� 1 5

4
aþ 5

4
bþ 5

2
c� 2

2
6664

3
7775

W21 ¼
aþ cþ 1 0 aþ cþ 1

aþ 1
2
bþ 5

4
cþ 1 1

2
aþ 1

4
bþ 5

8
cþ 1

2
5
4
aþ 5

8
bþ 25

16
cþ 9

4

aþ bþ 2cþ 1 aþ bþ 2cþ 1 2aþ 2bþ 4cþ 4

2
6664

3
7775

W22 ¼
�k�m 1 �k�m

�k� 1
10
l� 101

100
m 1� 1

100
l� 101

1000
m� 1

10
k 1� 101

1000
l� 10 201

10 000
m� 101

100
k

�k� 1
5
l� 26

25
m 1� 1

25
l� 26

125
m� 1

5
k 2� 26

125
l� 676

625
m� 26

25
k

2
6664

3
7775

Ŵ
� � ¼ Ŵ11 Ŵ12

Ŵ21 Ŵ22

" #
¼

kþmþ 1 1 kþmþ 3 aþ c 0 aþ c

1 0 1 0 0 0

0 1 0 0 0 0

aþ cþ 1 0 aþ cþ 1 �k�m 1 �k�m

z1 z2 z3 z4 z5 z6

0 0 0 1 0 1

2
666666664

3
777777775

Ĝ ¼ 11 �3 0 3 1281
400

�2
� �T

where

z1 ¼ aþ 1
2
bþ 5

4
cþ 1

z2 ¼ 1
2
aþ 1

4
bþ 5

8
cþ 1

2

z3 ¼ 5
4
aþ 5

8
bþ 25

16
cþ 9

4

z4 ¼ �k� 1
10
l� 101

100
m

z5 ¼ 1� 1
100

l� 101
1000

m� 1
10
k

z6 ¼ 1� 101
1000

l� 10 201
10 000

m� 101
100

k:

From Eq. (3.16), the matrix form for initial condition is

V11; d11½ � ¼ 1 0 1 ; �3½ �;
V0

11; d11
� � ¼ 0 1 0 ; 0½ �;
V12; d12½ � ¼ 1 0 1 ; �2½ �
Thus, the new augmented matrix ½Ŵ; Ĝ� for the problem is
gained. Solving this system, the Fibonacci coefficients matrix

are found as

C ¼ �4 0 1� 2 1 0½ �T

where

C1 ¼ �4 0 1½ �T; C2 ¼ �2 1 0½ �T:
The approximate solutions for N ¼ 2 in terms of the Fibonacci
polynomials are obtained as

u1 xð Þ ¼ x2 � 3and u2 xð Þ ¼ x� 2:

Example 2 [35]. Assume that the following differential equa-
tion system

u01ðxÞ þ u1ðxÞ þ e�x cos x
2

� �
u2

x
2

� �þ 2e�ð3=4Þx cos x
2

� �
sin x

4

� �
u1

x
4

� � ¼ 0

u02ðxÞ � exu21
x
2

� �þ u22
x
2

� � ¼ 0

u1ð0Þ ¼ 1; u2ð0Þ ¼ 0

8><
>:

ð5:2Þ



Table 1 Numerical comparison of the error functions E1;N and E2;N at the different values of N for Example 2.

x Adomian decomposition method [35], u1 The proposed method, u1

E1;1 E1;2 E1;3 E1;1 E1;2 E1;3

0.2 1:144� 10�2 4:432� 10�4 1:900� 10�5 2:410� 10�3 4:348� 10�3 9:376� 10�4

0.4 4:990� 10�2 4:274� 10�3 3:656� 10�4 1:740� 10�2 9:631� 10�3 1:014� 10�3

0.6 4:185� 10�1 1:643� 10�2 2:119� 10�3 5:295� 10�2 7:879� 10�3 1:976� 10�4

0.8 2:171� 10�1 4:274� 10�2 7:420� 10�2 1:130� 10�1 4:902� 10�3 8:460� 10�4

1 3:437� 10�1 8:925� 10�2 1:960� 10�2 1:987� 10�1 2:978� 10�2 1:061� 10�2

x Adomian decomposition method [35], u2 The proposed method, u2

E2;1 E2;2 E2;3 E2;1 E2;2 E2;3

0.2 2:273� 10�2 5:174� 10�4 1:670� 10�5 1:330� 10�3 2:890� 10�3 1:548� 10�5

0.4 1:024� 10�1 5:840� 10�3 1:790� 10�4 1:058� 10�2 6:304� 10�3 3:048� 10�4

0.6 2:575� 10�1 2:630� 10�2 3:282� 10�4 3:535� 10�2 2:635� 10�3 9:485� 10�4

0.8 5:082� 10�1 8:022� 10�2 1:276� 10�3 8:264� 10�2 1:510� 10�3 1:408� 10�3

1 8:768� 10�1 1:965� 10�1 1:015� 10�2 1:585� 10�1 5:299� 10�2 2:475� 10�4

Table 2 Numerical results of the maximum error E1;N at the different values of N for Example 2.

N 2 5 8 11

E1;N 2:978� 10�2 4:760� 10�5 2:894� 10�8 3:031� 10�12

Table 3 Numerical results of the maximum error E2;N at the different values of N for Example 2

N 2 5 8 11

E2;N 5:299� 10�2 1:230� 10�5 3:037� 10�9 9:070� 10�14

Fig. 1 Graphical comparison of the exact and approximate solutions for u1 when N ¼ 2; 3; 4 for Example 2.
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Fig. 2 The zoomed graphical comparison of the exact and

approximate solutions for u1 when N ¼ 2; 3; 4 for Example 2.

Fig. 4 The zoomed graphical comparison of the exact and

approximate solutions for u2 when N ¼ 2; 3; 4 for Example 2.
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The exact solution of Eq. (5.2) is given by

u1ðxÞ ¼ e�x cosðxÞ; u2ðxÞ ¼ sinðxÞ. Table 1 presents the numer-
ical values of error functions given in Eq. (4.1), Eq. (4.2) and a
numerical comparison of proposed method with Adomian

decomposition method [35] for Eq. (5.2) when N ¼ 1; 2 and
3. Also, Table 2 and Table 3 show the numerical values of
the maximum absolute error. In Fig. 1 and Fig. 3, it is pre-

sented that the graphical comparison of approximate and
exact solutions obtained by the proposed method for u1 and
u2 when N ¼ 2; 3 and 4. Besides, in Fig. 2 and Fig. 4, it is given
that graphics of the exact and approximate solutions obtained

by the presented method in the interval (0.95, 0.96) when
N ¼ 2; 3 and 4.

Example 3. Consider that the following differential equation

system
Fig. 3 Graphical comparison of the exact and approxim
�u001ðxÞ þ u002ðxÞ þ xu01ðxÞ þ u1
x
2

� �
u2

x
5

� � ¼ g1ðxÞ
xu002ðxÞ þ u001ðxÞ þ u22ðxÞ þ u2

x
2

� �
u01

x
10

� � ¼ g2ðxÞ
u1ð0Þ ¼ 1; u2ð0Þ ¼ 1

u01ð0Þ ¼ 2; u02ð0Þ ¼ �2

8>>><
>>>:

ð5:3Þ

The exact solution of Eq. (5.3) is given by u1ðxÞ ¼ e2x;

u2ðxÞ ¼ e�2x. Here, g1ðxÞ ¼ �2e2xxþ e
3x
5 þ 4e�2x; g2ðxÞ ¼

4e�2x xþ e4xð Þ þ 2e�
4x
5 þ e�4x. Table 4 presents the numerical

values of error function given in Eq. (4.1) and Eq. (4.2). Also,
Table 5 and Table 6 show the numerical values of the maxi-
mum absolute error. In Fig. 5 and Fig. 7, it is shown that
the graphical comparison of approximate and exact solutions

obtained by the proposed method for u1 and u2 when
N ¼ 3; 4 and 5. Besides, in Fig. 6 and Fig. 8, it is given that
graphics of the exact and approximate solutions obtained by

the presented method in the interval (0.95, 0.96) when
N ¼ 3; 4 and 5.
ate solutions for u2 when N ¼ 2; 3; 4 for Example 2.



Fig. 5 Graphical comparison of the exact and approximate solutions for u1 when N ¼ 3; 4; 5 for Example 3.

Table 5 Numerical results of the maximum error E1;N at the different values of N for Example 3

N 2 5 8 11

E1;N 2:389� 100 1:266� 10�2 1:547� 10�5 5:651� 10�9

Table 6 Numerical results of the maximum error E2;N at the different values of N for Example 3

N 2 5 8 11

E2;N 8:646� 10�1 2:641� 10�3 2:680� 10�6 9:837� 10�10

Table 4 Numerical comparison of the error functions E1;N and E2;N at the different values of N for Example 3.

x u1 u2

E1;3 E1;5 E1;8 E2;3 E2;5 E2;8

0.2 3:335� 10�3 1:010� 10�4 9:805� 10�8 1:792� 10�3 3:414� 10�5 2:750� 10�8

0.4 1:573� 10�2 2:257� 10�4 2:102� 10�7 7:574� 10�3 7:175� 10�5 6:443� 10�8

0.6 9:195� 10�3 3:851� 10�4 3:252� 10�7 5:855� 10�3 1:044� 10�4 1:124� 10�7

0.8 1:028� 10�1 1:680� 10�4 4:148� 10�7 2:666� 10�2 5:523� 10�5 1:688� 10�7

1 4:940� 10�1 1:266� 10�2 1:547� 10�5 1:212� 10�1 2:641� 10�3 2:680� 10�6
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Fig. 6 The zoomed graphical comparison of the exact and

approximate solutions for u1 when N ¼ 3; 4; 5 for Example 3.

Fig. 8 The zoomed graphical comparison of the exact and

approximate solutions for u2 when N ¼ 3; 4; 5 for Example 3.
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6. Conclusions

In this study, the Fibonacci collocation method was used for

solving a class of systems of nonlinear Pantograph differential
equations. The efficiency and accuracy of the method with
three different examples are shown. The obtained approximate

and error results are compared with ones obtained with Ado-
mian decomposition method. As a result of these comparisons,
it can be said that the method is very effective to obtain
approximate solution systems of nonlinear Pantograph differ-

ential equations. The given tables and graphics show that when
it is increased that the number of N, the approximate solutions
converge the exact ones. Besides, as seen in Example 1, for

problems whose analytical solution is polynomial, it is possible
to obtain the exact solution using the presented method. The
other advantage of the method is that all the computations

can be calculated in a short time with computer software. In
Fig. 7 Graphical comparison of the exact and approxim
the future, it is planned to apply the method to systems of frac-
tional differential equations.
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